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2D Coulomb Gases

In the two-dimensional Coulomb gas model, we consider n particles as a
system of point charges with the same sign located at points {zj}nj=1 ∈ C,
influenced by an external potential Q. We increase the number of point
charges and the external potential such that in the scaling limit
(n→∞,N →∞, while n/N is fixed), all the point charges are condensed
to a compact set in C, which we call the droplet SQ . The probability
distribution is given by

dPn =
1

Zn

∏
i<j

|zi − zj |2 · exp

(
− N

n∑
j=1

Q(zj)

)
·

n∏
j=1

dA(zj),

where dA denotes the standard Lebesgue measure on the plane.
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Some Examples

Ginibre Ensemble

Q(z) = |z |2.
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Ginibre 1965, etc.
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Some Examples

Elliptic Ginibre Ensemble
Girko 1985, Sommers-Crisanti-Sompolinsky-Stein 1988, etc.
Lemniscate Ensemble
Balogh-Merzi 2013, Bertola-Elias Rebelo-Grava 2018.
Elliptic Ginibre Ensemble with One Insertion
Byun 2023, Byun-Yoo 2025
......

Byun-Forrester 2025
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Planar Orthogonal Polynomials

A connection to orthogonal polynomials can be provided by Heine’s
formula i.e.,

pn(z) = E
n∏

j=1

(z − zj).

Here pn(z) satisfies the orthogonality condition,∫
C
pn(z)pm(z)e−NQ(z)dA(z) = hnδnm (n,m = 0, 1, 2, · · · ).
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The First General Result

The external potential satisfies the general settings.
When z /∈ SQ , the following asymptotics holds.

pn(z) ∼ N
1
4

√
φ′τ (z)[φτ (z)]neNQτ (z)

(
Bτ,0(z) +

Bτ,1(z)

N
+ . . .

)
.

Hedenmalm-Wennman 2021
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Ginibre Ensemble with (big) Insertions

Q(z) = |z |2 − 2c log |z − a|,
where c > 0 and a 6= 0,∞.
Balogh-Bertola-Lee-McLaughlin 2015.
The droplet:
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Ginibre Ensemble with (big) Insertions

Q(z) = |z |2 − 2c log |z − ia| − 2c log |z + ia|.

Kieburg-Kuijlaars-Lahiry 2025.
The droplet:
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Ginibre Ensemble with one (small) Insertion

We consider the external potential,

Q(z) = |z |2 +
2c1

N
log

1

|z − a1|
,

where c1 > −1 and a1 6= 0.∫
C
pn(z)pm(z)e−N|z|

2 |z − a1|2c1dA(z) = hnδnm (n,m = 0, 1, 2, · · · ),

where the branch cut of (z − a1)c1 is [0, a1].
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When ν = 1, the zeros of orthogonal polynomials for c1 = 1 and
a1 =

√
2/2 (left). The zeros of orthogonal polynomials for c1 = e−ηn,

where η = 0.4 (blue) and η = 0.2 (magenta)(right).

-0.4 -0.2 0.0 0.2 0.4 0.6 0.8 1.0

-0.4

-0.2

0.0

0.2

0.4

10 / 40



Theorem (Lee-Yang 2017)

For a1 < 1 and for any fixed nonzero c1 > −1, we have

pn(z) =


zn
(

z
z−a1

)c1
(

1 +O( 1
N∞ )

)
, z ∈ Ω0,

−an+1
1 (1−a2

1)c1−1

N1−c1 Γ(c1)
eNa1(z−a1)

z−a1

(
1 +O( 1

N )
)
, z ∈ Ω1.

When c1 ∈ Z, orthogonal polynomials were studied.
Akemann-Vernizzi 2003.
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Ginibre Ensemble with multiple (small) Insertions

We consider the external potential,

Q(z) = |z |2 + 2
ν∑

j=1

cj
N

log
1

|z − aj |
,

where {c1, . . . , cν} are nonzero real numbers greater than −1 and
{a1, . . . , aν} are distinct points in D \ {0}.∫

C
pn(z)pm(z)e−N|z|

2 |W (z)|2dA(z) = hnδnm (n,m = 0, 1, 2, · · · ),

where W (z) =
ν∏

j=1

(z − aj)
cj .
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Branch cuts

The branch cuts of W (z) are
B =

⋃ν
j=1 Bj ,Bj = {aj t, t ≥

1}.
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When ν = 3, the zeros of orthogonal polynomials for c1 = c2 = c3 = 1,
a1 = 0.5 + 0.5i, a2 = −0.5− 0.5i, a3 = 0.5− 0.5i(left) and
a1 = 0.25i, a2 = 0.25− 0.25i, a3 = 0.5− 0.5i(right). The limiting locus.
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Multiple Szegő curves

Multiple Szegő curve: Γ =
⋃ν

j=1 ∂Ωj
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Theorem (Lee-Yang 2023)

As n→∞ such that n/N = 1 the polynomial pn satisfies

pn(z) =


zn+

∑
cj

W (z)

(
1 +O

(
1

N∞

))
, z ∈ Ω0,

−
exp

[
N(ajz + `j)

]
(z − aj)

cj

W (z)

chain(j)

z − aj

(
1 +O

(
1

N

))
, z ∈ Ωj ,

where chain(j) and `j are explicit constants with respect to aj .
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Strategy of the Proof

Lemma ( Lee-Yang 2019)∫
C
pn(z)zme−N|z|

2 |W (z)|2dA(z) =
1

2i

∫
γ
pn(z)µ(m)(z)dz ,

where

µ(m)(z) := W (z)

∫ ∞
0

smW (s)e−Nzs ds

and γ is a simple closed curve enclosing {0, a1, . . . , aν} counterclockwise.
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Theorem (Lee-Yang 2019)

Let ~n = (n1, · · · , nν) with non–negative integers nj ’s. We define p~n(z) to

be the monic polynomial of degree |~n| =
ν∑

j=1

nj = n satisfying the

orthogonality conditions:∫
γ
p~n(z) zkµj(z)dz = 0, 0 ≤ k ≤ nj − 1, 1 ≤ j ≤ ν,

µj(z) := W (z)

∫ ∞
a1

ν∏
k=1

(s − āk)nk−δkjW (s)e−Nzs ds.

Then

p~n(z) = pn(z), nj =

{
κ+ 1, j ≤ n − κν,
κ, otherwise.

Here κ := bn/νc.

Planar O. P.=Type I M.O.P. Kuijlaars-Berezin-Parra 2023.
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Let us define
ψ(z) = [µ1(z), . . . , µν(z)].

The Riemann-Hilbert problem:

Y+(z) = Y−(z)

[
1 ψ(z)

0 Iν

]
, on

⋃
j Γj0,

Y+(z) = Y−(z)

[
1 ψ(z)

0 Iν

]−1

−

[
1 ψ(z)

0 Iν

]
+

, on B ∩ (Ω0)c ,

Y (z) =
(
Iν+1 +O

(
1
z

))
· diag (zn, z−n1 , . . . , z−nν ) , as z →∞,

Y is holomorphic matrix function, otherwise.

We have
[Y (z)]11 = pn(z).
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Statistical Behaviors

k-point correlation function

Rk(z1, . . . , zk) : =
n!

(n − k)!

∫
Cn−k

Pn

n∏
j=k+1

dA(zj),

where

Pn =
1

Zn

∏
i<j

|zi − zj |2 · exp
(
− n

n∑
j=1

Q(zj)
)
.
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Correlation Function

Rk(z1, . . . , zk) = det
[
Kn(zi , zj)

]k
i ,j=1

,

where Kn(z , ζ) is the correlation kernel given by

Kn(z , ζ) := e−
N
2
Q(z)−N

2
Q(ζ)

n−1∑
k=0

1

hk
pk(z)pk(ζ).

Here pn(z) satisfies the orthogonality condition,∫
C
pn(z)pm(z)e−NQ(z)dA(z) = hnδnm (n,m = 0, 1, 2, · · · ).
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Correlation Kernel: Ginibre kernel

The external potential Q satisfies the general settings.
Bulk Universality: Let z0 be in the bulk of the droplet, let

Kn(ξ, η) =
1

2n∆Q(z0)
Kn

(
z0 +

ξ√
2n∆Q(z0)

, z0 +
η√

2n∆Q(z0)

)
,

there exist cocycles cn(ξ, η) such that

lim
n→∞

cn(ξ, η)Kn(ξ, η) = G (ξ, η).

The Ginibre kernel
G (ξ, η) = eξη−

1
2

(|ξ|2+|η|2).

Cocycles: cn(A,B) = gn(A)/gn(B) where gn is continuous.
Ameur-Hedenmalm-Makarov 2011.
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Correlation Kernel: Faddeeva Plasma kernel

Edge Universality: Let z0 be on the boundary of the droplet, let

Kn(ξ, η) =
1

2n∆Q(z0)
Kn

(
z0 +

ξ√
2n∆Q(z0)

, z0 +
η√

2n∆Q(z0)

)
,

there exist cocycles cn(ξ, η) such that

lim
n→∞

cn(ξ, η)Kn(ξ, η) = G (ξ, η)erfc(ξ + η).

where

erfc(z) =
1√
2π

∫ ∞
z

e−t
2/2dt.

Hedenmalm-Wennman 2021.
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Is there any criticality universality in 2D Coulomb Gases?

The universal behavior at such critical points was conjectured that similar
behavior will show up in 2D Coulomb Gases.
Bettelheim, Agam, Zabrodin, Wiegmann, 2005, etc.

Criticality universality in 1D Coulomb Gases
Bleher-Its 2003, Claeys-Kuijlaars 2006, etc.
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2D Painlevé II kernel

Q(z) = |z |2 + 2c log
1

|z − a|
,

where c > 0 and a 6= 0,∞.
Balogh-Bertola-Lee-McLaughlin 2015.
The droplet:

a > acri , a ∼ acri :=
√
c + 1−

√
c , a < acri
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2D Painlevé II kernel

Theorem (Krüger-Lee-Yang 2025)

Let z0 be at the merging point, let

Kn(x , y , x ′, y ′) =
1

n5/6
Kn

(
z0 +

x

n1/2
+

iy

n1/3
, z0 +

x ′

n1/2
+

iy ′

n1/3

)
,

There exist cocycles cn(y , y ′) such that

lim
n→∞

cn(y , y ′)Kn(x , y , x ′, y ′) = Ks(x , y , x ′, y ′),

where

Ks(x , y , x ′, y ′) :=
e−x

2−(x ′)2√
π/2

Ψ21(y ; s)Ψ11(y ′; s)−Ψ11(y ; s)Ψ21(y ′; s)

2πi(y − y ′)
,

where {Ψjk} are related to Painlevé II equation.
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Generalized Christoffel-Darboux identity

Let
ψn(z) := (z − a)Ncpn(z),

we write the pre-kernel as

Kn(z , ζ) := e−Nzζ
n−1∑
k=0

1

hk
ψk(z)ψk(ζ).

The correlation kernel can be written as

Kn(z , ζ) = e−
N
2
|z|2−N

2
|ζ|2+Nzζ |z − a|Nc |ζ − a|Nc

(z − a)Nc(ζ − a)Nc
Kn(z , ζ).
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Generalized Christoffel-Darboux identity

Theorem (Byun-Lee-Yang, arXiv:2107.07221 )

Suppose that a 6= 0. Then we have the following form of the
Christoffel-Darboux identity:

∂ζKn(z , ζ) = e−Nz ζ̄
1

n+Nc
N hn−1 − hn

ψ′n(ζ)
(
ψn(z)− zψn−1(z)

)
− e−Nz ζ̄

pn+1(a)

pn(a)

N hn/hn−1

n+Nc+1
N hn − hn+1

ψn−1(ζ)
(
ψn+1(z)− zψn(z)

)
.
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Partition Functions: Predictions

Given the external potential Q, the partition function:

ZQ
n :=

∫
Cn

∏
i<j

|zi − zj |2
n∏

j=1

e−nQ(zj ) dA(zj).

It is conjectured that if the droplet is connected, as n→∞, the partition
function ZQ

n has the asymptotic expansion of the form

logZQ
n = C1n

2 + C2n log n + C3n + C4 log n + C5 + o(1).
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Ginibre Ensemble with Insertions

We consider the external potential,

Q(z) = |z |2 + 2c log
1

|z − a|
,

where c > 0 and a > 0. The probability distribution is given by

1

Zn(a, c)

∏
i<j

|zi − zj |2
n∏

j=1

|zj − a|2nce−n|zj |2dA(zj).

a > acri , a ∼ acri :=
√
c + 1−

√
c , a < acri

Balogh-Bertola-Lee-McLaughlin 2015
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Theorem (Byun-Seo-Yang 2025)

As n→∞, we have

logZn(a, c) = −IQ [σQ ]n2 +
1

2
n log n +

( log(2π)

2
− 1
)
n

+
6− χ

12
log n +

log(2π)

2
+ χ ζ ′(−1) + F(a, c) + En,

where

IQ [µQ ] =


3
4 + 3c

2 + c2

2 log c − (c+1)2

2 log(c + 1)− ca2, a < acri ,
3
8 + a2

8 + 3
8a2q4 − 5

8q2 +
(

3
4 + a2

8

)
a2q2 − 3a4q4

8

+ log(2aq) + 2c log(2aq2) + log (1+a2q2−2a2q4)c
2

(1+a2q2)(c+1)2 , a > acri ,

q = q(a) is given explicitly,
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Theorem (To be continued)

χ =

{
0, a < acri ,

1, a > acri ,

F(a, c) =


1

12 log
(

c
1+c

)
, a < acri ,

1
24 log

(
(1+a2q2−2a2q4)4

(1+a2q2)4(1−q2)3(1−a4q6)

)
, a > acri ,

and

En =


∑M

k=1

(
B2k

2k(2k−1)
1

n2k−1 + B2k+2

4k(k+1)

(
1

(c+1)2k − 1
c2k

)
1
n2k

)
+O( 1

n2M+1 ), a < acri ,

O
(

1
n

)
, a > acri ,

for any M > 0, where {Bk} are the Bernoulli numbers.
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Theorem (Byun-Seo-Yang 2025)

For a fixed c > 0, let

a := acri −
(
√
c + 1−

√
c)1/3s

2(c2 + c)1/6n2/3
+ O

( 1

n4/3

)
.

Then as n→∞, we have

logZn(a, c) = −
(3

4
+

3c

2
+

c2

2
log c − (c + 1)2

2
log(c + 1)− ca2

)
n2

+
1

2
n log n +

( log(2π)

2
− 1
)
n +

1

2
log n

+
log(2π)

2
+

1

12
log
( c

1 + c

)
+ log FTW(c−2/3s) + O

( 1

n2/3

)
,

where

FTW(t) := exp
(
−
∫ ∞
t

(x − t)q(x)2dx
)

is the Tracy-Widom distribution.
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Strategy of the Proof

Deformation of the partition function
Fine asymptotic behavior of orthogonal polynomials via
Riemann-Hilbert problems.

For a < acri :

logZn(a, c) = logZn(0, c) +

∫ a

0

d

dt
logZn(t, c)dt.

where

Zn(0, c) =
G (N + Nc + 1)

G (Nc + 1)

N!

NN2c+N(N+1)/2
.
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Strategy of the Proof

For a > acri :

logZn(a, c) = logZGin
n + (2c log a)n2 −

∫ ∞
a

( d

dt
logZn(t, c)− 2cn2

t

)
dt.

where

ZGin
n =

N!G (N + 1)

NN(N+1)/2
.

Critical Case: Duality. Nishigaki-Kamenev 2002, Forrester-Rains
2009, Forrester 2025
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Ginibre Ensemble with (small) Insertions

We consider the external potential,

Q(z) = |z |2 + 2
ν∑

j=1

cj
n

log
1

|z − aj |
,

where {c1, . . . , cν} are nonzero real numbers greater than −1 and
{a1, . . . , aν} are distinct points in D \ {0}. The probability distribution is
given by

1

Zn

∏
i<j

|zi − zj |2
n∏

j=1

ν∏
k=1

|zj − ak |2ck e−n|zj |
2
dA(zj).
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Partition Functions

Theorem (Lee-Yang 2025+)

If {ai}νi=1 are isolated, we have

Zn = Const.
(

1 +O
( 1

N∞

)) ν∏
j=1

ecjN|aj |
2
∏
i<j

|ai − aj |−2cicj .

If aj and ak are merging, we have

Zn = Const.
(

1 +O
( 1

N∞

)) ν∏
j=1

ecjN|aj |
2
∏
i<j

|ai − aj |−2cicjF
(
N|a2 − a1|2

)
,

where F is related to Painlevé V.

Webb-Wong 2018, Deaño-Simm 2019.
Remark: The isolated case. Bourgade, Dubach, Hartung, Keles
2025+.
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Let us define the moments,

ν
(i)
jk :=

1

2i

∫
γ
z j+k µi (z)dz , µjk :=

∫
C
z j z̄k e−N|z|

2 |W (z)|2 dA(z).

Let the n by n matrices of moments dn and Dn be

Dn =


µ0, 0 µ1, 0 · · · µn−1, 0

µ0, 1 µ1, 1 · · · µn−1, 1
...

...
. . .

...
µ0, n−1 µ1, n−1 · · · µn−1, n−1

 ,

dn =

d
(1)
n
...

d
(ν)
n

 , d
(j)
n =


ν

(j)
0, 0 ν

(j)
1, 0 · · · ν

(j)
n−1, 0

...
...

...
...

ν
(j)
0, nj−1 ν

(j)
1, nj−1 · · · ν

(j)
n−1, nj−1

 .
Theorem (Lee-Yang 2019)

There exists a unique constant matrix An such that

dn = AnDn
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Theorem (Lee-Yang 2025+)

Let dn be defined above, we have

∂a1 log det dn =
∑
i 6=1

n1(ni + ci ) + (n1 + c1)ni
a1 − ai

− Na
(n)
1,1 −

ν∑
j=n−νκ+1

a
(n)
1,j (nj + cj)

a1 − aj
.

where a
(n)
1,j is the coefficient in the large z expansion of znj [Yn(z)]2(j+1) as

below.

zn1 [Yn(z)]22 = 1 +
a

(n)
1,1

z
+O

( 1

z2

)
,

znj [Yn(z)]2(j+1) =
a

(n)
1,j

z
+O

( 1

z2

)
, j > 1.
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Happy Birthday, Peter!
Thank You For Your Attention!
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