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2D Coulomb Gases

In the two-dimensional Coulomb gas model, we consider n particles as a
system of point charges with the same sign located at points {zj}j’-’:1 eC,
influenced by an external potential Q. We increase the number of point
charges and the external potential such that in the scaling limit

(n — o0, N — oo, while n/N is fixed), all the point charges are condensed
to a compact set in C, which we call the droplet Sg. The probability
distribution is given by

1 . .
P, = — [[lz—z* - exp < -NY Q(Zf)) JIaA@),
mi<j j=1 j=1

where dA denotes the standard Lebesgue measure on the plane.



Some Examples

Ginibre Ensemble
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Ginibre 1965, etc.



Some Examples

Elliptic Ginibre Ensemble

Girko 1985, Sommers-Crisanti-Sompolinsky-Stein 1988, etc.
Lemniscate Ensemble

Balogh-Merzi 2013, Bertola-Elias Rebelo-Grava 2018.
Elliptic Ginibre Ensemble with One Insertion

Byun 2023, Byun-Yoo 2025

Byun-Forrester 2025



Planar Orthogonal Polynomials

A connection to orthogonal polynomials can be provided by Heine’s
formula i.e.,

n
po(2) =E]](z - 7).
j=1
Here pp(z) satisfies the orthogonality condition,

/ p,,(z)pm(z)e*NQ(Z)dA(z) = hpdpm (n,m=0,1,2,---).
C



The First General Result

The external potential satisfies the general settings.
When z ¢ Sq, the following asymptotics holds.

on(2) ~ NAV/E@)[61(2)]eN ) (Bf,o(z> yBale) )

Hedenmalm-Wennman 2021



Ginibre Ensemble with (big) Insertions

Q(z) = |2 — 2clog |z — a,
where ¢ > 0 and a # 0, cc.

Balogh-Bertola-Lee-McLaughlin 2015.
The droplet:
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Ginibre Ensemble with (big) Insertions

Q(z) = |z|*> — 2clog |z — ia| — 2clog |z + ia.

Kieburg-Kuijlaars-Lahiry 2025.
The droplet:




Ginibre Ensemble with one (small) Insertion

We consider the external potential,

2c 1
2 1

= 7| _—
Q(z) =ef + Y log =

where ¢; > —1 and a; # 0.

/ po(2)pm(2)e V2P |z — a1 PUdA(2) = hpbpm  (n,m=0,1,2,- -
C

where the branch cut of (z — a1)% is [0, a1].
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When v = 1, the zeros of orthogonal polynomials for ¢; = 1 and
a1 = /2/2 (left). The zeros of orthogonal polynomials for ¢; = e ™",

where 7 = 0.4 (blue) and n = 0.2 (magenta)(right).
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Theorem (Lee-Yang 2017)

For a1 < 1 and for any fixed nonzero ¢; > —1, we have

z"(z_zal)c1 (1 + 0(,\%.0)), z € Q,

"+1(1 a )Cl 1 eNaj(z—a1)

pn(z) = )
e qr(q) e (1+O(N)>, z €.

When c¢; € Z, orthogonal polynomials were studied.
Akemann-Vernizzi 2003.
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Ginibre Ensemble with multiple (small) Insertions

We consider the external potential,

v
2 G 1
z)=|z|"+2) Zlog——
Q) = |2 +2 3 Flog =
Jj=1
where {c1, ..., c,} are nonzero real numbers greater than —1 and

{a1,...,a,} are distinct points in D\ {0}.

/C Po(2)Pm(2)e M W(2)2AA(Z) = bodm (nym = 0,1,2,---),

14

where W(z) = H(z —aj)9.

j=1
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Branch cuts

A
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The branch cuts of W(z) are '
B:Uj'/:l Bj,Bj:{ajt,tZ ook .
1}. '
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When v = 3, the zeros of orthogonal polynomials for c; = ¢ = ¢ =1,
a; = 0.5+ 0.51,ap = —0.5 — 0.51, a3 = 0.5 — 0.5i(left) and
a; = 0.25i,a, = 0.25 — 0.251, a3 = 0.5 — 0.5i(right). The limiting locus.
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Multiple Szegé curves

. " v H
Multiple Szegb curve: I = Uj:1 09 non-generic case
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Theorem (Lee-Yang 2023)
As n — oo such that n/N =1 the polynomial p, satisfies

29 oL Q
W(z) ( " (N_oo» z %o

_exp [N(Ejzmt(é;] (z—2)9 C:a_i"g) (1 +0 (%)) , 2 €14,

pn(z) =

where chain(j) and {; are explicit constants with respect to a;.
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Strategy of the Proof

Lemma ( Lee-Yang 2019)

/C pa(2)2me W (2)PAAG) = 5; [ pale)n™ (@),

Y
where -
W™ (2) = W(z) / S E) ez ds
0

and vy is a simple closed curve enclosing {0, a1, ..., a,} counterclockwise.

v
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Theorem (Lee-Yang 2019)

Let @ = (ny,-- -, n,) with non-negative integers n;’s. We define pz(z) to
14

be the monic polynomial of degree |n| = Z nj = n satisfying the

Jj=1
orthogonality conditions:

/pﬁ(z)zk,uj(z)dz =0, 0<k<n—-1,1<<u,
g

/ Hs—ak”k %W() —Nzs g,

Then
k+1, j<n-—ky,

Kk, otherwise.

pﬁ(z) = pn(z)v nj = {

Here k := |n/v|.

Planar O. P.=Type | M.O.P.  Kuijlaars-Berezin-Parra 2023.
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Let us define
¥(z) = [pa(2), - o (2)]-

The Riemann-Hilbert problem:

1 ¥(2)
Yi(z) = Y-(2) N on U; o,
L@ e
z z
Yi(z) = Y_(2) , on BN ()¢,
0 Iu 0 Il/
L 4 - +
Y(z) = (IV+1 +0 (%)) ~diag (z",z7™,...,z7™), asz— o0,
\ Y is holomorphic matrix function, otherwise.
We have

[Y(2)]11 = pn(2).
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Statistical Behaviors

k-point correlation function

n!
Rk(zl,...,zk):zw_—/cn kP H dA(z)),

=k+1
where

H!zl Z2 exp (- HZQ 7).

I<J
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Correlation Function

k
Rk(Zl, . ,Zk) = det [Kn(Z,', ZJ)] =t

where K,(z,() is the correlation kernel given by

n—1
1
Kn(z, ) i= e 20E2COS 7 ope(2)m(C).
hy
k=0
Here pp(z) satisfies the orthogonality condition,

/ po(2)pm(2)e NCEAA(Z) = hydom (nm =0,1,2,--).
C
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Correlation Kernel: Ginibre kernel

The external potential @ satisfies the general settings.
Bulk Universality: Let zy be in the bulk of the droplet, let

Kn(£7 )

1 n
TIIEN,
202 Qz < m BNTINE) >
there exist cocycles c,(&, 1) such that
Jim_ca(€ n)Kn(&,m) = G(€,m)

The Ginibre kernel
G(&,n) = oET=3(IEP+n?)

Cocycles: ¢ (A, B) = gn(A)/gn(B) where g, is continuous.
Ameur-Hedenmalm-Makarov 2011.
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Correlation Kernel: Faddeeva Plasma kernel

Edge Universality: Let zg be on the boundary of the droplet, let

Kn(é-v ) # < . )7
2nAQ(z \/m " /2080(@)

there exist cocycles c,(&, 1) such that
1im _cn(€, ) Kn(&,m) = G(&, m)erfe(§ + 7).

where

erfc(z *t2/2dt.

NI

Hedenmalm-Wennman 2021.
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Is there any criticality universality in 2D Coulomb Gases?
The universal behavior at such critical points was conjectured that similar
behavior will show up in 2D Coulomb Gases.

Bettelheim, Agam, Zabrodin, Wiegmann, 2005, etc.

Criticality universality in 1D Coulomb Gases
Bleher-Its 2003, Claeys-Kuijlaars 2006, etc.
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2D Painlevé |l kernel

1
Q(z) = |z* + 2clog m,

where ¢ > 0 and a # 0, co.

Balogh-Bertola-Lee-McLaughlin 2015.
The droplet:

a>agi, a~agi=vVc+l—yc, a<ayi
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2D Painlevé |l kernel

Theorem (Kriiger-Lee-Yang 2025)
Let zy be at the merging point, let

1 X iy x' iy’
’oonN
Kn(Xaan Y ) - n5/6K"(ZO+ nl/2 + n1/3’20+ nl/2 + n1/3)’

There exist cocycles c,(y,y’) such that
llm Cn(y7.yl)Kn(X7y7 Xla.y/) = KS(X7y7 X,v_y/)7
n—o0

where

Ks(x,y,x',y') = e ) Vo1 (y; s)V1a(y'ss) — Vai(y; s)Var(y'; s)
S\ A YA 7T/2 27”(}/_)//) 5

where {Wj, } are related to Painlevé Il equation.

26
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Generalized Christoffel-Darboux identity

Let
Un(2) = (2= a)¥pa(2),

we write the pre-kernel as

Kn(z.¢) : 7NZCZ ™ — i (2)¢k(C)-

The correlation kernel can be written as

_ N N
K(z,C) = o= YIP= Y Pt |z —a|™[¢ —al™

(2= 2 — )"

Kn(z,0).
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Generalized Christoffel-Darboux identity

Theorem (Byun-Lee-Yang, arXiv:2107.07221 )

Suppose that a # 0. Then we have the following form of the
Christoffel-Darboux identity:

— i 1 —
0cKn(2,0) = & o 0 (9nl2) = 2001(2)

_ nzPasa(@) Mo/

o) T, Q) (Yraa(a) - 20(2)).

v
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Partition Functions: Predictions

Given the external potential Q, the partition function:

z3 = / 11z — 2P [T e %@ aa(z).
cn -
J=1

i<j

It is conjectured that if the droplet is connected, as n — oo, the partition
function Z,,Q has the asymptotic expansion of the form

log Z,? = C1n®+ Gonlogn+ Csn+ C4logn+ Cs + o(1).
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Ginibre Ensemble with Insertions

We consider the external potential,

Q(2) = |z|* + 2clog

|z —al’

where ¢ > 0 and a > 0. The probability distribution is given by

1 2 ! 2nc ,—nl|z|?
Z(a, ) Ll |zi = z| jI_IllzJ al*"e (z)

a>ac, a~acgi=+vVc+l—yc, a<ac
Balogh-Bertola-Lee-McLaughlin 2015
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Theorem (Byun-Seo-Yang 2025)

As n — 0o, we have

1 log(2
log Z,(a, c) = —lg[og]n® + Enlogn + ( og(2 ™) _ 1>n
6 — log(2
4 TX log n + og(2 ™) +x¢'(-1)+ F(a, c) + &n,

where

% log(c + 1) — ca?, a < aci,

2
343+ S loge—
3 . & 3 5 3, a2).2,2 3a*qg*
loluel = §+§+832q4—w+(1+§>3 9" - g
(1+azq2—2a2q4)°2
(1+a2q2)(c+1)2 ’

+log(2aq) + 2c log(2ag?) + log 8 G

q = q(a) is given explicitly,
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Theorem (To be continued)

07 a < acri,
X =

17 a > Aacri,
1
ﬁlog 1ic), a < acri,
.7'—(3, C) = ll (1+azq2—232q4)4 > .
24 98 | 11222 (1—q2)3(1-a%¢") ) a > Aacri,
and
ZM By 1 Bok+to 1 1\1
k=1 \ 2k(2k—1) 2T T Zk(k+1) \ (c+ 1) — % ) 2
Ep = 1
" +O( n2M+1)a a < acgy,
1
O(E)’ a > Aacri,

for any M > 0, where {By} are the Bernoulli numbers.




Theorem (Byun-Seo-Yang 2025)
For a fixed ¢ > 0, let

a = dcri —

(W—\ﬁ)l/"‘erO( 1 )

2(c2 + c)1/6p2/3 n4/3

Then as n — oo, we have

3.3 2 1)2
Iog;Z,,(a,c):—(ll—i-2(:—i-C2|og;c—(CjL ) Iog;(c%—l)—caz)n2
1 log(2 1
—|—2n|ogn—|—(0g(27r)—1)n—|—2logn
T +E'Og<1+c)+'°gFTW(c S)+O(n2/3)’

where
Frw(t) = exp (= [ (x = 1)ax?d)

is the Tracy-Widom distribution.
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Strategy of the Proof

@ Deformation of the partition function
@ Fine asymptotic behavior of orthogonal polynomials via
Riemann-Hilbert problems.

O0CC e

& - ® & &

a=1( a < Ueri = deri @ > Uer a = 00
For a < ag:
ad
log Zn(a, c) = log Z,(0,c) + / s log Z,(t, c)dt.
0

where
B G(N+ Nc+1) N!

Z0:€) = G(Ne 1) NeerRED 34/40




Strategy of the Proof

a=1( a < Ueri a = Qeri @ > Ueri a = 00

For a > aq:

. o0 2 2
log Zy(a, c) = log ZZ™ + (2clog a)n® — / (i log Zy(t, c) — =" )dt,
a dt t

where
NIG(N +1)
NN(N+1)/2
Critical Case: Duality. Nishigaki-Kamenev 2002, Forrester-Rains
2009, Forrester 2025

ZSin —
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Ginibre Ensemble with (small) Insertions

We consider the external potential,

v
2 G 1
z)=|z 2 —lo
Q)= |z +2) " Trog [
J=1
where {c1,...,¢,} are nonzero real numbers greater than —1 and

{a1,...,a,} are distinct points in D\ {0}. The probability distribution is

given by
1 . >
> [Tz = zPTI 11 Iz — ke "7 dA(z).
micj j=1k=1
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Partition Functions

Theorem (Lee-Yang 2025+)

If {ai}¥_, are isolated, we have

2, = Const. (1 +0( =) HeCJNI%I I I2i — a2

i<j

If a; and ay are merging, we have

Z, = Const. <1 —I—(’)( )) HeCJN“’J‘ H\a, — aj|7%99F (N]a2 — a1)?),

i<j

where F is related to Painlevé V.

Webb-Wong 2018, Deaio-Simm 2019.
Remark: The isolated case. Bourgade, Dubach, Hartung, Keles
2025+.
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Let us define the moments,
(7 - 1 /Zj+k Mi(z) dz, [hjk = / 5k efN|Z|2’W(Z)’2 dA(Z).
¥ C

ij . Z
Let the n by n matrices of moments d, and D, be

10,0 Hi,0 Hn—1,0
D, = ,Uo.,l Ml.,l ,Un—.l,l ’
MO, n—1 Hi,n—1 “** Hn—1,n-1
dtM V((){) Vg)o e Vr(rjzl,O
do=| |, d=] : 5 5
dr(ry) Vc(){)nﬁl Vg)njq Vr(;jzl,njfl

Theorem (Lee-Yang 2019)

There exists a unique constant matrix A, such that

dn = ApDp
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Theorem (Lee-Yang 2025+)

Let d,, be defined above, we have

m(n;i + ¢) + (n + c1)n;

05, log det d,, = Z

P a; — a;
(n) - 3$')(”j +q)
—Nayy— Y, L ———
- 1— 4
Jj=n—vkK+1
where ag':i) is the coefficient in the large z expansion of z"i[Ya(2)]a(j+1) a5
below.

(n)
a1
V4

1
2 [Ya(2)]o2 = 1+ 2L 0(;)
(n)

. ap 1 :
2oy = =L +0(5), i>1

Z2
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Happy Birthday, Peter!
Thank You For Your Attention!
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