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An exact expression for FN(h)

Distribution of the maximal height HN

FN(h) = P [xN(τ) ≤ h , ∀ 0 ≤ τ ≤ 1]

Exact result for finite N G. S., S. N. Majumdar, A. Comtet, J. Randon-Furling ’08
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see also T. Feierl, M. Katori et al. ’08
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What about correlated point processes ? 

E.g. random matrices and their cousins (Coulomb/Riesz gas)
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Savin, Sommers, Texier, Vergassola, Vivo     

f(x) = xn f(x) = x(1 − x)

 Disclaimer: the rest of this talk excludes the case of an 
indicator function  — full counting statistics — and 
focuses on smooth functions  

f(x) = IJ(x)
f(x)
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This talk: what about higher cumulants for one-
dimensional log-gases (and their cousins the Riesz gases) ?
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 Taking one more derivative 
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N2 ∂
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 Performing (formally) the change of variable λ → rs,λ

∂s χ(s,N) ≃ − N2 ∫
Rs

0
dx∂x [x2 + s

2
x f′ (x)] f(x)

rs,λ=1 = Rs Rd−1
s (V′ (Rs) +

s
β

f′ (Rs)) = 1

∂rϕs,λ
r=rs,λ

= 0⟺ r2s,λ +
s
2

rs,λ f′ (rs,λ) = λ



The case of complex Ginibre matrices ( , )d = 2 β = 2

χ(s,N) ≃ − N2∫
1

0
dλ min

r≥0
[ϕs,λ(r)] = − N2 ∫

1

0
dλ ϕs,λ(rs,λ)

where ϕs,λ(r) = r2 + s f(r) − 2λ log r − λ + λ log λ

and

 Taking one derivative with respect to  yieldss

∂s χ(s,N) ≃ − N2 ∫
1

0
dλ f(rs,λ)

 Performing (formally) the change of variable λ → rs,λ

∂s χ(s,N) ≃ − N2 ∫
Rs

0
dx∂x [x2 + s

2
x f′ (x)] f(x)

rs,λ=1 = Rs Rd−1
s (V′ (Rs) +

s
β

f′ (Rs)) = 1

yields the result obtained by the previous method

∂rϕs,λ
r=rs,λ

= 0⟺ r2s,λ +
s
2

rs,λ f′ (rs,λ) = λ



The case of complex Ginibre matrices ( , )d = 2 β = 2

yields the result obtained by the previous method

 This can be generalized straightforwardly to complex normal 
matrices

P(z1,…, zN) =
1

ZN,V ∏
i<j

|zi − zj |
2

N

∏
i=1

e−N V(|zi|)

with arbitrary V( |z | )



The case of complex Ginibre matrices ( , )d = 2 β = 2

yields the result obtained by the previous method

 This can be generalized straightforwardly to complex normal 
matrices

P(z1,…, zN) =
1

ZN,V ∏
i<j

|zi − zj |
2

N

∏
i=1

e−N V(|zi|)

 This can also be generalized to symplectic Ginibre matrices 
(i.e., this property holds beyond the pure Coulomb gas )

χ(s,N) = log
N

∏
j=1

∫ +∞0 dr r4j−1 e−2N r2−N sf(r)

∫ +∞0 dr r4j−1 e−2Nr2
Rider ’04, 
Byun & Forrester ’22 

with arbitrary V( |z | )


