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E.g. random matrices and their cousins (Coulomb/Riesz gas)
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» Maths: results for the variance + CLT (for 0 < k < 1) for the

Riesz gas on a circle J. Boursier ‘21, ‘22
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0 y(s,N) ~ — Nz[ s dx f(x) (xd_lV’(x) + %xd_lf’(x))

0
® Integrating by parts
R

0. y(s,N) =~ N2‘ de (%) <xd_1V’(x) + %xd_lf’(x)> — N2f(RS)

0
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where we used lim <xd‘1(U’(x) +% f’(x))> =0
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® Taking one more derivative
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Conclusion and perspectives

® Higher cumulants (Z1). = O(N>~9) for g > 2 depend only of
FfP(R), p > 1, i.e. the derivatives of f evaluated exactly at the
boundary of the droplet (for both rotationally invariant potential
V and smooth linear statistics f)

® This result holds for generic (rotationally invariant) Coulomb gas
in d-dimensions. It also holds for the symplectic Ginibre GinSE

® Higher order cumulants for the Riesz gas (long and short range)

B Results for the associated large deviation functions (both for

Coulomb and Riesz interactions): interesting
see also Valov, Meerson, Sasorov ‘24 for GUE

® Some of these results for the Riesz gas can be extended to the
counting statistics (short-range): nontrivial
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Two different methods to compute the cumulants

® A general method valid in any d > 1: « Coulomb gas » method

® The case d =2 and f =2 (GinUE) exploiting the determinantal
structure



The case of normal matrices (d =2, = 2)
N

1 2 _
Pz, ..., 2y) = Z_H|Zi_zj| []e2v v
N,V

i<j i=1
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The case of complex Ginibre ma’rrices (d=2, p=2)
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Similar asymptotic analysis has recently been performed for the counting
statistics and for linear statistics in Ameur-Charlier-Cronvall-Lenells ‘22,
Akemann-Byun-Ebke-GS ‘23, (see also Ameur-Charlier-Cronvall ‘22)



The case of complex Ginibre ma’rrices (d=2, p=2)

P(zy, ... ZN)—_H|Z—Z| H —N|z|?

Zyy i<j
® Cumulant generating function

x(s,N) =log <e‘SNgN>

N Y r2! N r2—s Nf(r)
— + —Nro—s r
2. N)= ) In( 2N [ dr——e

£=0 0

—> Asymptotic analysis for large N

Similar asymptotic analysis has recently been performed for the counting
statistics and for linear statistics in Ameur-Charlier-Cronvall-Lenells ‘22,
Akemann-Byun-Ebke-GS ‘23, (see also Ameur-Charlier-Cronvall ‘22)

# For large N, the sum over ¢ is dominated by £ = O(N)



The case of complex Ginibre matrices (d =2, = 2)
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The case of complex Ginibre matrices (d =2, f =2)
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® For large N, saddle point analysis

: /2N [
x(s,N) =~ NJ dilIn J drr e No:.
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The case of complex Ginibre matrices (d =2, = 2)
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The case of complex Ginibre matrices (d =2, f =2)

—> yields the result obtained by the previous method

® This can be generalized straightforwardly to complex normal
matrices

1 2 ~ —
P(zy, ..., zy) =_H|Zi_zj| He N V(|z])
1

V4
NV ic =

with arbitrary V(|z|)

® This can also be generalized to symplectic Ginibre matrices
(i.e., this property holds beyond the pure Coulomb gas )

( N I"'OO dr ’,.4j—1 e—2Nr2—st(r) )
0

x(s,N) =log H

/=1

0 /



