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@ Given @ : C — R the associated random normal matrix model
consists of all complex n x n normal matrices M, distributed by

d2, (/v/)—g e " Mdnm,  dM= [ dA(M)

n

where dA(x + iy) = Ldxdy is the (normalized) standard area measure.
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@ Given @ : C — R the associated random normal matrix model
consists of all complex n x n normal matrices M, distributed by

dt@n(M):ée_”TrQ(M)dl\/l, dM =[] dA(M)

n 1<j,k<n

where dA(x + iy) = Ldxdy is the (normalized) standard area measure.

@ We will assume Q to be C? and

liminf Q(z)

— > 1.
|z|—00 log|z]|?
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@ Given @ : C — R the associated random normal matrix model
consists of all complex n x n normal matrices M, distributed by

dt@n(M):ée_”TrQ(M)dl\/l, dM =[] dA(M)

n 1<j,k<n

where dA(x + iy) = Ldxdy is the (normalized) standard area measure.
@ We will assume Q to be C? and

iminf 2@ o ¢
2|00 log |z|?

@ The eigenvalues describe the locations of n particles in a 2D Coulomb
gas at inverse temperature 2, confined by the potential Q.
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@ Given @ : C — R the associated random normal matrix model
consists of all complex n x n normal matrices M, distributed by

dt@n(M):%e_”TrQ(M)dl\/l, dM =[] dA(M)

n 1<j,k<n

where dA(x + iy) = Ldxdy is the (normalized) standard area measure.
@ We will assume Q to be C? and

iminf 2@ o ¢
2|00 log |z|?

@ The eigenvalues describe the locations of n particles in a 2D Coulomb
gas at inverse temperature 2, confined by the potential Q.

@ The corresponding eigenvalues z, ..., z, € C of M are distributed as

1 L .
dPo(z1,....z0) = 5 ] |2~z [[e "9 dA(z).

M 1<i<j<n j=1
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@ The eigenvalues form a determinantal point process: the k-point

correlation functions can be expressed as p, k(z1,...,2k) =
n! 2 nQ(z;
o Loz Tl T oA -ante
1<i<j<n
=det (%,(z,-,zj))lgugk, k=1,...,n,

where %, : C x C — C is the correlation kernel.
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@ The eigenvalues form a determinantal point process: the k-point
correlation functions can be expressed as pp «(z1,...,2¢) =

n! 2 z
(n—k)l/cnkz II lz-3l He" ) dA(zie1) -+ dA(zn)

1<i<j<n

=det (t%/,,(z,-,zj-))lgw.gk, k=1,...,n,

where %, : C x C — C is the correlation kernel.
@ We make the Hermitian symmetric choice:

) = e @A S )Ty
j=0

where the p; : C — C are planar orthogonal polynomials
(with degree j and positive leading coefficient)

/C pi(2)pe(2)e D dA(Z) = 5y, jk=0,1,...
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@ The eigenvalues accumulate on a compact set S called the droplet.
AQ(z), z¢< Sq,

.1 .1
Jim_ ;Pn,l(Z,Z) = lim ;Jif,,(z,z) =< IAQ(z), z€0Sq,
0, ze€ S,

where A = 0,0, = %(8)% + 6}2,) denotes the quarter Laplacian.
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@ The eigenvalues accumulate on a compact set S called the droplet.

1 1 AQ(z), ze€ .§Q,
n||—>n2>o —Pn, 1(2 Z) = ||_>r20 ;%(Z,Z) = %AQ(Z), VS 85(\),
0, z€ S(C\),
where A = 9,9, = (82 + 02) denotes the quarter Laplacian.

o In fact, we have 1.7, (z, z)dA(z) — dup(z) in distribution where
dup(z) = xs50(2)AQ(2)dA(z) minimizes the (energy) functional

=[]

over all compactly supported Borel probability measures on C.

du(z du(w / Q(2)du(z
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o (bulk) When z € §Q, the Ginibre kernel arises as a scaling limit

1
lim — %,
nl—r>noo nAQ(zO) S

S S R
2t \/nAQ(zo)’ZO * V/nAQ(z)
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o (bulk) When z € ¢, the Ginibre kernel arises as a scaling limit

o 1 I/
A0 nAQ(20) Ji/( m \/M)

= e_% |f|2_%|77|2—§ﬁ

o (edge) When zy € 9Sq, the erfc kernel arises as a scaling limit

lim L Ji’ 20 + —— £A(20) nn(zo)
n—o0 nAQ(zo V/nAQ(z) \/nAQ (20)

Here n(zp) is the outward unit normal vector on 95¢ at zp.
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o (bulk) When z € ¢, the Ginibre kernel arises as a scaling limit

o 1 I/
A0 nAQ(20) Ji/( m \/M)

= e_% |f|2_%|77|2—§ﬁ

o (edge) When zy € 9Sq, the erfc kernel arises as a scaling limit

lim L Ji’ 20 + —— £A(20) nn(zo)
n—o0 nAQ(zo V/nAQ(z) \/nAQ (20)

Here n(zp) is the outward unit normal vector on 95¢ at zp.

@ Edge scaling limit proved in generality by Hedenmalm and Wennman
21.
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o (bulk) When z € ¢, the Ginibre kernel arises as a scaling limit

o 1 I/
A0 nAQ(20) Ji/( m \/M)

= e_% |f|2_%|77|2—§ﬁ

o (edge) When zy € 9Sq, the erfc kernel arises as a scaling limit

lim L Ji/ 20 + —— £A(20) nn(zo)
n—o0 nAQ(zo V/nAQ(z) \/nAQ (20)

Here n(zp) is the outward unit normal vector on 95¢ at zp.

@ Edge scaling limit proved in generality by Hedenmalm and Wennman
21.

o Edge scaling limit first appeared in Forrester and Honner 1999.
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@ The focus of this talk: Counting statistics.
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@ The focus of this talk: Counting statistics.

@ This involves linear statistics over the eigenvalues z,...,z, € C of M

Yolfl=1f(z1) + ...+ f(zn).
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@ The focus of this talk: Counting statistics.

@ This involves linear statistics over the eigenvalues z,...,z, € C of M
Yolfl=1f(z1) + ...+ f(zn).

@ The case of smooth linear statistics is understood in generality
(Ameur, Hedenmalm, Makarov 2011, 2015).
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@ The focus of this talk: Counting statistics.
@ This involves linear statistics over the eigenvalues z,...,z, € C of M
Yolfl=1f(z1) + ...+ f(zn).
@ The case of smooth linear statistics is understood in generality
(Ameur, Hedenmalm, Makarov 2011, 2015).
@ For counting statistics we consider for some A C C the test function

1, z€ A,

f(z):xA(z)z{O o
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The focus of this talk: Counting statistics.

This involves linear statistics over the eigenvalues zi,...,z, € C of M

Yolfl = f(z1) + ...+ f(zn).

The case of smooth linear statistics is understood in generality
(Ameur, Hedenmalm, Makarov 2011, 2015).

For counting statistics we consider for some A C C the test function

1, z€ A,

f(z>:xA<z)={0 o

Ng") := X p[xa] counts the number of eigenvalues in A.
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The focus of this talk: Counting statistics.

This involves linear statistics over the eigenvalues zi,...,z, € C of M

Yolfl = f(z1) + ...+ f(zn).

The case of smooth linear statistics is understood in generality
(Ameur, Hedenmalm, Makarov 2011, 2015).

For counting statistics we consider for some A C C the test function

1, z€ A,

f(z>:xA<z)={0 o

Ng") := X p[xa] counts the number of eigenvalues in A.

Question 1: given a set A, how many eigenvalues of M are in A?
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The focus of this talk: Counting statistics.

This involves linear statistics over the eigenvalues zi,...,z, € C of M

Yolfl = f(z1) + ...+ f(zn).

The case of smooth linear statistics is understood in generality
(Ameur, Hedenmalm, Makarov 2011, 2015).

For counting statistics we consider for some A C C the test function

1, z€ A,

f(z):xA<z)={0 o

Ng") := X p[xa] counts the number of eigenvalues in A.

Question 1: given a set A, how many eigenvalues of M are in A?

Question 2: how does this number fluctuate?
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@ In general the expectation and variance of X ,[f] is given by

EX,[f] = /C F(2) (2, 2)dA(2)

Var ¥,[f] = %/@(f(z) — f(w))?|Hn(z, w)|?dA(z)dA(w).
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@ In general the expectation and variance of X ,[f] is given by

EX,[f] = /C F(2) (2, 2)dA(2)
Var ¥,[f] = %/@(f(z) — £(W))?|H(z, w)|?dA(2)dA(w).

@ Hence

n—oco n

lim l]ENE\”):/ AQ(z)dA(2).
AﬂSQ
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@ In general the expectation and variance of X ,[f] is given by
EX,[f] = / £(2)Ho(2, 2)dA(2)
C
Var¥,[f] = ;/ (f(2) — f(W))?|Hn(z, w)|*dA(z)dA(w).
(CZ

@ Hence

n—oco n

lim —]EN(") / AQ(z)dA(z).
AﬂSQ
@ For counting statistics the number variance is given by
Var N = / XA(2) = xa(W)[|-Ha(z, w) 2dA(z)dA(w)

= [ [ 1otz P datz)daw)
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o Lacroix-A-Chez-Toine, Majumdar and Schehr ‘19 showed for
Q(z) = |z|? (Ginibre ensemble) that for A= {z € C: |z| < a}

a

L1 ()
lim —VarN,”’ =
VL3

n—oo \/ﬁ
Here 0 < a < 1 is fixed (and Sg = D).

AQ(a).
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o Lacroix-A-Chez-Toine, Majumdar and Schehr ‘19 showed for
Q(z) = |z|? (Ginibre ensemble) that for A= {z € C : |z| < a}

(n) _ 2
nllﬁngO \f Var N, N
Here 0 < a < 1 is fixed (and Sg = D).
@ They also showed what happens in the case of a microscopic dilation
of the droplet Sg =D

v = Oy = g [T el et
,,I'_EEO fVar Nans) = N fF(6) =Vor ’ 2 dt

AQ(a).

} for 6 € R, then
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o Lacroix-A-Chez-Toine, Majumdar and Schehr ‘19 showed for
Q(z) = |z|? (Ginibre ensemble) that for A= {z € C : |z| < a}

(n) _ 4
nILngo \fVarN N
Here 0 < a < 1 is fixed (and Sg = D).

@ They also showed what happens in the case of a microscopic dilation
of the droplet Sg =D
Let A=A,(0)={ze€C:|z| <1+

AQ(a).

\/ﬁ} for € R, then

L) O s [ efelterte(=t)
,,'L”;o\fv NA,,(&) Jr f((s)—\/%& 7 dt

@ This was shown to be universal in the rotational symmetric case by
Akemann, Byun, Ebke ‘23. Assumptions: Q(z) = g(|z|) where
(rg'(r)) >0, g’(1) =2and rg’(r) + 0as r|0.
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@ It was proved by Lin ‘24 and by Levi, Marzo and Ortega-Cerda ‘24
that for the Ginibre ensemble Q( ) = |z|? one has

dA#Y(z) =

lim —VarNg") ! ———#1(0.A)

noe \/n 2vrf oo 2m/m

for any Borel set A C C, where d.#}(z) is the one-dimensional
Hausdorff measure on the measure theoretic boundary 0, A.
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@ It was proved by Lin ‘24 and by Levi, Marzo and Ortega-Cerda ‘24
that for the Ginibre ensemble Q( ) = |z|? one has

li vV N(”) —
nl—)ngo f ara 2ﬁf 9. A 2Wf
for any Borel set A C C, where d.#}(z) is the one-dimensional
Hausdorff measure on the measure theoretic boundary 0, A.
@ The measure theoretic boundary is defined explicitly by 9,A =

<{26(C:Iim)\2(AmB(z’r)) zl}U{zE(C jim 22AN B(z:1)) :o})c

rl0 mr2 rl0 mr2

H1(0.A)

dA(z) =

When A has a C! boundary, 9,A is the same as the topological
boundary A, and d.7#(0,A) is just the usual arc length differential.
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@ It was proved by Lin ‘24 and by Levi, Marzo and Ortega-Cerda ‘24
that for the Ginibre ensemble Q( ) = |z|? one has

dA#Y(z) = H1(0.A)

fim = Var N =
,,'_?;o\[ A 27Tf 8. A 27Tf

for any Borel set A C C, where d.#}(z) is the one-dimensional
Hausdorff measure on the measure theoretic boundary 0, A.
@ The measure theoretic boundary is defined explicitly by 9,A =

<{26(C:Iim)‘2(AmB(Z’r)):1}U{ZE(C i Ag(AﬂB(z,r)):O}>c

rl0 mr2 rl0 mr2

When A has a C! boundary, 9,A is the same as the topological
boundary A, and d.7#(0,A) is just the usual arc length differential.
@ The limit exists if and only if A has finite perimeter.
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@ It was proved by Lin ‘24 and by Levi, Marzo and Ortega-Cerda ‘24
that for the Ginibre ensemble Q( ) = |z|? one has

fim = Var N =
,,'_?;O\[ A 27Tf 8. A 27Tf

for any Borel set A C C, where d.#}(z) is the one-dimensional
Hausdorff measure on the measure theoretic boundary 0, A.
@ The measure theoretic boundary is defined explicitly by 9,A =

<{z e C :lim 2ANB= ) 1} U {z e C:lim22ANBr) o})

rl0 Tr rl0 mr2

dA#Y(z) = H1(0.A)

When A has a C! boundary, 9,A is the same as the topological
boundary A, and d.7#(0,A) is just the usual arc length differential.
@ The limit exists if and only if A has finite perimeter.
@ Heuristically, one can roughly argue the result from the peaked
behavior of |Ky(z, w)| ~ nAQ(z)e "2Q@)z=w* 3round the diagonal
z = w (while in the bulk $g) and the formula

Var N{") = / | Hn(z, w)[2dA(z)dA(w).
A JAc
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Theorem (Akemann - Duits - M. ‘24)

Consider a random normal matrix model with a C? potential Q@ which is
assumed to be real analytic in a neighborhood of Sg. Fix a compact set
K C Sq and assume that AQ > 0 on K. Then we have

Var N < \/n|0A|

as n — oo for all convex sets A C K with a C? boundary, where the
implied constants depend only on Q and K.
When AQ is constant on K we have for such sets A that as n — oo

Var N§") = %]&MWAQIK +0(1)
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Theorem (Akemann - Duits - M. '24)

(elliptic Ginibre ensemble) Consider Q(z) = (|z|?> — 7 Re(z?))/(1 — 72)
with fixed 0 < 7 < 1 and let n(z) denote the outward unit normal vector
at z on 05q. Define

A= A(S) = SQU{[ZZ—FW_’(Z)] zef)SQ} §>0,
= Ap - SQ\{[Z+\/T(\)()()Z] ZE(?SQ} 0 < 0.

Then we have

nmoTVar/vg") \/_ (0)|0AIV/AQ(2)
5) :\/%/ erfc(t) erc(_t)dt.
)

Sq = {z eC: (IR_G;)2 + ('1"3)2 < 1}
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Bulk Theorem (Marzo - M. - Ortega-Cerda ‘25)

Consider a random normal matrix model with a potential Q that is C?,
real analytic on Sq and AQ > 0 on Sq. For any Borel set A € Sq we have

nI|_>ngOTVarN(") 27T1\/_ 8A\/AQ(z)djf1(z),

where 0, A is the measure theoretic boundary of A.
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@ For any 0 € R, we define the following tubular neighborhood of 95¢
Son=1{hna(z,t) : z € 8Sq, |t| < |6]},
where

L o

V218Q(2)

Here f(z) denotes the outward unit normal vector on 0S¢ at z.

)

ho(z,t) =z +

Now consider our counting statistic Nﬁ‘" for

g >
A= An(é) = {SQ U SQ,"’ 0 - 0’

SQ\ 84, §<0.
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Edge Theorem (Marzo - M. - Ortega-Cerda ‘25)

Consider a random normal matrix model with a potential Q that is C 2 on
C, and real analytic and strictly subharmonic on a neighborhood of Sq.
Assume that Sq is simply connected and that it has a smooth boundary.
Then

(n)
n||_>ngo\/_Va riNV, an(5) = 27r\/_ /850 VAQ(2) dec

uniformly for 6 € R in compact sets, where wgg is the harmonic measure

at oo, and

B °° erfc(t) erfc(—t)
=2 /5 fdt

The harmonic measure at oo corresponding to Sg is given by
dw (2) = |¢/(2)|dA (),

where ¢ is any conformal map from S§ to D° satisfying ¢(o0) =
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How to prove the Bulk Theorem?
@ Indicator functions are functions of bounded variation
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How to prove the Bulk Theorem?
@ Indicator functions are functions of bounded variation

@ On C the space of functions of bounded variation is defined as
BV(C) = {f € L}{(C) : [f]lgy < oo},

where [f]gy denotes the total variation of f:

[flev = sup {/C f(z)divg(z) dA(z) : ¢ € C°(C,R?) with [|¢]| e < 1} :
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How to prove the Bulk Theorem?
@ Indicator functions are functions of bounded variation

@ On C the space of functions of bounded variation is defined as
BV(C) = {f € L}{(C) : [f]lgy < oo},
where [f]gy denotes the total variation of f:
[flev = sup {/ f(z)divé(z) dA(z) : ¢ € C°(C,R?) with ||¢]1= < 1} .
C

@ Any f € BV(C) can be approximated by functions in C2°(C) in the
following way. There exists a sequence (£;)72; in C2°(C) such that

lim||f —ffs=0and lim /|ij(z)|dA(z):[f]BV.
J—o0 J—00 JC

(In general, it is not possible to approximate a BV function f by a
sequence f; € C2°(C) in Wh! norm.)
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@ It turns out that (structure theorem of De Giorgi 1955)

[xalev = /a i d A (z) = AH(0.A).
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@ It turns out that (structure theorem of De Giorgi 1955)
[xalsv = /a dAY(z) = A D, A).
LA

@ The strategy is to use the sequence (ﬂ)j’il to approximate the
variance

Var ) = 3 [ 1xa(@) — xa(w)ll Aol w)PdA(z)dA(w)
/ 16(2) — f(w)|Halz, w) PdA(2)dA(w)
~ WHV AQV'Z‘HL%

for large n, and then take j — oc.
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@ It turns out that (structure theorem of De Giorgi 1955)
[xalsv = /a dAY(z) = A D, A).
LA

@ The strategy is to use the sequence (ﬂ)j’il to approximate the
variance

Var ) = 3 [ 1xa(@) — xa(w)ll Aol w)PdA(z)dA(w)
/ 16(2) — f(w)|Halz, w) PdA(2)dA(w)
~ WHV AQV'Z‘HL%

for large n, and then take j — oc.

@ See Le Doussal and Schehr ‘25 for the rotational symmetric case.
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How to prove the Edge Theorem?
@ The number variance is essentially dictated by the boundary 0Sg.

Var ) = [ [ |ota(z.w)PaA2)dA(w)
%/asQ/ 85Q, / / n\|/qiczgo JLQ)SIA(V;O()JVO)X

d(Z() Iog n

2
n(20)& A(wo)n 1 1
Jn (ZO + \/T(ZO), W) dédndt (WO)de%ﬁ (WO).

where d(zp, wp) = | log(¢(z0)$(wp))| and €, = const. x +/log n.
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How to prove the Edge Theorem?
@ The number variance is essentially dictated by the boundary 0Sg.

Var ) = [ [ |ota(z.w)PaA2)dA(w)
S L e

d(Z() Iogn
1(20)€ iwo)n ||
n ZO WO 1 1
H (Zo - oG W) dednd A (wo)d A ().

where d(zp, wp) = | log(¢(z0)$(wp))| and €, = const. x +/log n.
@ We have to understand the behavior of |.%,(z, w)| when z and w are

in the vicinity of the boundary (order &'(4/ 'Oﬁ") from 05q).
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How to prove the Edge Theorem?
@ The number variance is essentially dictated by the boundary 0Sg.

Var ) = [ [ |ota(z.w)PaA2)dA(w)
S L e

d(Z() Iog n

2
n(20)& A(wo)n 1 1
Hn (ZO + \/T(ZO), W) dédndt (WO)de%ﬁ (WO).

where d(zp, wp) = | log(¢(z0)$(wp))| and €, = const. x +/log n.
@ We have to understand the behavior of |.%,(z, w)| when z and w are

in the vicinity of the boundary (order &'(4/ 'Oﬁ") from 05q).

@ A distinction has to be made between zy and wy close to each other
(20— wo = O(4/ I°§")) and the case where they are not.
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Lemma (Marzo - M. - Ortega-Cerda 25)

Assume the conditions on @ from the Edge Theorem.
Let zy, wyp € OSq and denote by n(zy) and n(wyp) the outward unit normal
vectors on 0Sq at zg and wy. Then we have as n — oo that

1 %,< Az, o) )
n\/AQ(z0)AQ(wo) ! V/nAQ(z) V/nAQ(wp)
1 log? n 2 (log(¢(20)¢(w0)))?
(5 + o ﬁ))exp(—zw—m —nAQ@) 5 ZE ST )

P
erfe [ £ |Og (¢(20)9(wo))
f ( VAR ) )‘

uniformly for |zg — wo| = O(4/ Iog") and §,n = O(\/log n), where ¢ is the

conformal map from S§ to D such that ¢(c0) = oo and ¢/(cc) > 0.

Generalizes Hedenmalm-Wennman ‘21 where zy = wyp and &, = 0(1).
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Lemma (Marzo - M. - Ortega-Cerda ‘25)

Consider a random normal matrix model with a potential Q that is C? on
C, and real analytic and strictly subharmonic on a neighborhood of Sq.
Assume Sq is simply connected and has a smooth boundary. As n — oo

I PV _ (z0)§ i (wo)n
N V/nAQ(zp) V/nAQ(wp)

o _ f(z) (W0)77 e~ (Re€)? .~ (Ren)?

uniformly for zg, wo € 0Sq and §,n = O'(+/log n), where Cq > 0, and .
is the Szegd kernel associated with 0Sq.

S (z,w) = 1 \/QT\/T
7 2 G(z)p(w) — 1

< Cq

Related result by Ameur and Cronvall ‘23 with condition |zy — wp| > €.
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