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> Estimating the degree of entanglement of bipartite model’

TPage [1993] Average entropy of a subsystem, Phys. Rev. Lett. 4/29



Entanglement estimation

> Estimating the degree of entanglement of bipartite model’
» measured by different entanglement metrics

» | von Neumann entropy

» quantum purity
» Rényi entropy

TPage [1993] Average entropy of a subsystem, Phys. Rev. Lett.

4/29



Entanglement estimation

> Estimating the degree of entanglement of bipartite model’
» measured by different entanglement metrics

» | von Neumann entropy

» quantum purity
» Rényi entropy
» over different models of generic states
» Hilbert-Schmidt ensemble
» | Bures-Hall ensemble

» fermionic Gaussian ensemble

TPage [1993] Average entropy of a subsystem, Phys. Rev. Lett.
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Entanglement entropy of Bures-Hall ensemble
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Entanglement entropy of Bures-Hall ensemble

The von Neumann entropy of a bipartite system of Hilbert spaces
Ha and Hpg with dimension m and n, respectively, is defined as

S=—tr(palnpa) = ZAIn)\

where pa is computed by partial tracing of the full density matrix
over the other subsystem B as pa = trg(p).
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Entanglement entropy of Bures-Hall ensemble

The von Neumann entropy of a bipartite system of Hilbert spaces
Ha and Hpg with dimension m and n, respectively, is defined as

S =—tr(palnpa) = ZAIn)\

where pa is computed by partial tracing of the full density matrix
over the other subsystem B as pa = trg(p).

We compute the first three moments/cumulants of the entropy
over the Bures-Hall ensemble

m o \Y\2 m
f(A)océ(l—ZA,-) 11 MHA?

i=1 1<i<j<m ! J =1
where
1
a=n—m-— =
2
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Cumulant results of entropy
Denote the k-th order polygamma function as
dk+1 dk

U(2) = —rr I0T(2) = 2 o(2)
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Cumulant results of entropy
Denote the k-th order polygamma function as
dk+1 dk

Vi(z) = PP M(z) = @@50(2)

» Mean: conjectured by Sarkar-Kumar'19*, proved in Wei'20f

%1=¢o<mn—n;2+1> —¢o<n+;>

*Sarkar-Kumar [2019] Bures-Hall ensemble: spectral densities and average entropies, J. Phys. A

TWei [2020] Proof of Sarkar-Kumar's conjectures on average entanglement entropies over the Bures-Hall
ensemble, J. Phys. A 6/29



Cumulant results of entropy

Denote the k-th order polygamma function as

dk+1 dk
Uk(2) = g T (2) = ——o(2)

» Mean: conjectured by Sarkar-Kumar'19*, proved in Wei'20"

mzwo(mn—”;zH) ~ o0+ 3)

» Variance!:

m? 2n(2n+m) —m? +1 1
- _ - 41 -
Rz =~V (m” > Y nmn 2y (” + 2>

*Sarkar-Kumar [2019] Bures-Hall ensemble: spectral densities and average entropies, J. Phys. A

TWei [2020] Proof of Sarkar-Kumar’s conjectures on average entanglement entropies over the Bures-Hall
ensemble, J. Phys. A
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Main result

» Third Cumulant (relative to Skewness)S:

K3=¢2<mn—m2+1> +C1?!)2(n+1> +Cz¢1<n+1>

2 2 2
where
4m? —8mn — 4n> — 7
C =
! (2mn — m? 4+ 2) (2mn — m? + 4)
. 2(m? = 1) ((m—2n)2 — 1) (—2m? + 4mn — 1202 + 7)
2 =

n(2mn — m? + 2)? (2mn — m? + 4) (4n% — 1)

§Wei—Huang—Wei [2025] Skewness of von Neumann entropy over Bures-Hall random states, available at
arXiv:2506.06663
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CLT conjecture
It is conjectured* in the limit

m
m—oo, n—oo, —=ce€(0,1],
n
the standardized von Neumann entropy
S— K1
VE2
converges in distribution to Gaussian random variable A/(0, 1)

wj(x)=@<lj), x =00, j=1,

X

X =

Take m = cn in the results above

1 1
=0(y) m=9()
(X)_Fvs_@(r}“):@(l)

K3 _ng_@(%)

*Wei [2020] Exact variance of von Neumann entanglement entropy over the Bures-Hall measure, Phys. Rev. E
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Calculation of Third Cumulant
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Moment conversion

To calculate the cumulants/moments over the Bures-Hall
ensemble, a standard way is to calculate these over the
unconstrained Bures-Hall ensemble

hix)oc ] x,—l—xj Hxa e
-1
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Moment conversion
To calculate the cumulants/moments over the Bures-Hall
ensemble, a standard way is to calculate these over the
unconstrained Bures-Hall ensemble

pos I SN O e

1<i<j<m

which are related by factorization

de,_f dHHd)\

where 1
g(0) = —re 99!

is the density of trace of the unconstrained ensemble

0= ZX,' RS [0,00)
i=1
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Moment conversion
Consider von Neumann entropy of unconstrained Bures-Hall

ensemble
m
T = g x; In x;
i=1
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Moment conversion
Consider von Neumann entropy of unconstrained Bures-Hall

ensemble
m
T = g x; In x;
i=1

By change of variable

S$*=—073T3+35%In0 —35In*0 +In0
We have moment conversion
1
(d)s
3 (¥1(d +3) + v§(d + 3)) Ef[S]
+ (a(d +3) + 3¢1(d + 3)o(d + 3) + ¥3(d + 3))

Ef|S?] = E,[T%| + 3¢0(d + 3)E¢ [S?]
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Correlation functions
The k-point (k < m) correlation function of such an ensemble
follows a Pfaffian point process!, and the corresponding correlation
kernels are related to those of Cauchy-Laguerre biorthogonal
ensemblet:

TForrester—Kieburg [2016] Relating the Bures measure to the Cauchy two-matrix model, Commun. Math. Phys.

tBertola [2014] Cauchy-Laguerre two-matrix model and the Meijer-G random point field, Commun. Math.
Phys. 12/29



Correlation functions

The k-point (k < m) correlation function of such an ensemble
follows a Pfaffian point process!, and the corresponding correlation
kernels are related to those of Cauchy-Laguerre biorthogonal
ensemble!: py(x), qx(y) are Cauchy-Laguerre biorthogonal

polynomials,
m—1 1
Koo(x,y) = > —p(x)qk(y)
i=o hw
m—1 1
Koi(x,y) = —x“e ™ > FPk(Y)Qk(_X)
k=0 "'k

m—1

_ 1
Kuo(x,y) = —y*Te™ Z FkPk(_Y)Qk(X)

« a+1efxfy
K X, — x¢ a+1 —X—y 7P Q X"y
11(x,y) y Z k(—y) Qu(—x) — BT

TForrester—Kieburg [2016] Relating the Bures measure to the Cauchy two-matrix model, Commun. Math. Phys.

tBertola [2014] Cauchy-Laguerre two-matrix model and the Meijer-G random point field, Commun. Math.
Phys. 12/29



Cauchy-Laguerre biorthogonal polynomials

o0 o0 (0% Oé—|—1 —X—=y
xYy4Tre
Pr(X ——dxdy = hyd
./0 /0 k( )ql(}/) X+y Y KEK
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Cauchy-Laguerre biorthogonal polynomials

o0 o0 (0% Oc+1 —X—=y
x%y“Tre
Pr(X ——dxdy = hyd
/0 ‘/0 k( )ql(}/) X+y Y KEK

Pi(x), Qk(y) are Cauchy transform of pk(x), gk(y), respectively.
(k+ 12+ k+2)I (o + k+1)

r
=(—1)k
pr(x) =(-1) M(2a + 2k + 2)
1,1 —2a0—k—-1; k+1
% G273 ( 0; —a, 2a—1 X)
Mk+ 1Mo+ k+2)I(a+ k+2)
=(—1)k
a(y) =(=1) [(2a + 2k +2)
y G2171< 20 —k—1; k+1 y)
200 + 2k —k; k+ 2«
_(_1\k+1 3,1 ) .
Pi(x) =(=1) F(k) (a + k) G23 ( ~1l,a—1,20; ‘ X>

3\ 0—a—-1, 2a—-1
200 + 2k G3’1 —k; k+2a _
Mo+ k+1) 23\ —La2a |7 1329

Qu(y) =(~1)***




Cumulant integrals: kernel level results
Let f(x) = xInx, recall:
> Mean

Wl = ;/OOO F(x) (Ko (x, ) + Kio(x, x)) dx

» Variance 1
kg = ~(Ia —Ip — Ic + 2Ip)

2
where
I, = /Ooo/ooof2(x)(;<01(x,x)+Klo(x,x)) dx
o= [ [T FOF) Kaalxy)Karly. ) dedy
o = [ [ AR Kaolxy)Kaoly. ) dedy
o = [7 [T FOf) Kanley)Kus(x.y) dedy
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Cumulant integrals: kernel level results

» Third Cumulant

1 3 1 1
K3 = EIA - EIB + gIC + gID

I, = / £3(x) (Koa(x, x) + Kio(x, x)) dx
0
Ip = 15 +19 + 1) + 1)
o = 4(2a +10 —2af) —19 + 2 +1) — 21D 1)
I = 2(15) +315) + 317 +15))
E.g.

11(31) = y)Koi(x, y)Koi(y, x)dxdy

Lo
Ig) = /// z)Koo(x, y)Ko1(y, z)Ki1(x, z) dxdy dz
11(31) = /// z)Ko1(x, y)Ko1(y, z)Koi(z, x) dx dy dz
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Cumulant integrals: computation method

To obtain the /-th cumulant ], each integral is explicitly
computed using the following three steps
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Cumulant integrals: computation method

To obtain the /-th cumulant I{IT, each integral is explicitly
computed using the following three steps

» Decouple Replacing every Koo(x,y), Ki1(x,y) in the
integrals with the (finite) summation form of Cauchy-Laguerre
kernel given explicitly by the Cauchy-Laguerre biothorgonal
polynomials. For Koi(x,y) and Kio(x,y), replace them by
integral representation of such kernels (which again gives
finite summation form).

» Compute Using up to / derivatives (w.r.t. [3;) of the integral
of x,-B’ multiplying certain Cauchy-Laguerre kernels in variable
X;'s.

» Simplify The bulk of calculation lies in the simplification of
resulting i-nested sums in each integral, which is an
increasingly tedious and case-by-case task for higher-order
cumulants
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Cumulant integrals: Example

For integrals 11(31), 11(32), and Ip, we also utilize

1
Kou(x,y) = x2ot1 /0 20T (1) G (1) dit

1
Kio(x,y) = y2ot1 /0 2oL, (tx) Ga(ty) dt

where

—-m—2a—1,m

1,1
Hq(x) = G2,3< 0:—q,—2a —1 X>

21 —m—2a—1;m
Gq(x) = Gz,s( 0,—q;—2a —1 X>

and known identity
1 )
_ dl,..-,dnydnt+ly--.,4a
xa~1gmn T P ’nx dx
/0 P4 blv"-,bm;bm—&-la-wabq

_ gmn+l 1—a,a1,...,an ans1,---,3p ‘77
p+l,q+1 bl,...,bm;berl,...,bq,—a
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Cumulant integrals: Example

/0/0/0 xPyP2 2% Koy (x, y) Kot (v, z) Koi (2, x) dx dy dz

_ Yy ( 1) 5 Ty T+ m o+ 20+ 2))

i=0 j=0 k=0 r+0r(l+a+0r{l+2a+2)r(m-1))
lI,_jk

[e.¢]
20+ 2,2 —j—2a—-1,—-m—-2a—1,m
X/O y G3’4<O 1_204_1_J—2Oé—2 dy

o0 .
k+20+p1 (72,2 —i—2a—1,—m—-2a—1m
X/o X G3’4(O,—a—l,—2a—l,—i—2a—2’X dx
o0
20485 2,2 —k—-2a—-1,—m—-2a—1,m
X/o z G3’4<0,—a—1,—2a—1,—k—2a—2’Z dz

Apply Mellin transform for Meijer-G function and

(1 83/7/ /31 82,03
 0B10B2083 27Ko1 (. y)Ko1 (v, 2)Ko1 (zx)dxdydz

B1=1,82=1,83=1
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Summation identities: Example

By taking partial derivatives of the summation forms of integrals
above, one arrives at a number of summations involving existing
and new summation anomalies.
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Summation identities: Example

By taking partial derivatives of the summation forms of integrals
above, one arrives at a number of summations involving existing
and new summation anomalies.

& (%(k + b)o(k + ¢) n Yo(k + a)o(k + ¢) n Yo(k + a)vo(k + b))

kzzl k+a k+b k+c
1 ¢ok+C) 1 m¢ok+b
~(5ms +v0) X 2 (g @) X

c+m)>zw0(k+b)+ (bic+¢0(C+m)>z_:W

+ (Closed Forms)

b- k

"’<alb+¢° )Z¢okk++ac (Cl + o(b >Z¢okk++c
1

4

=

(a
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Summation identities: Example

By taking partial derivatives of the summation forms of integrals
above, one arrives at a number of summations involving existing
and new summation anomalies.

& (%(k + b)o(k + ¢) n Yo(k + a)o(k + ¢) n Yo(k + a)vo(k + b))

kzzl k+a k+b k+c

1 ¢ok+c) 1 m’gbok—i—b
~(5ms +v0) X 2 (g @) X

1 @Do l( + (? @bC
+<a b+w0 ),(2:1 k—+a ( +¢0 >Z k+c

1 to(k + b) 1 T ok + a)
oot C”D; P +(b_c+¢°(c+m)>kz_lk+b
+ (Closed Forms)

+ 14 more new summation identities.
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Closed-form result

One sums up into closed form

k3 = m(2n—m) (bM/)z (n + ;) + botbg <n + ;) U1 (n + ;)

(o )i 2) 5o+ ) eonfo- )

where

_ —4m® +8mn +4n* +7

b=
! 8
3(— m? +2mn + 4n? + 1)
b=
4n
b —m* —16m?n? 4+ 4m?n + 5m? + 24mn3 — 10mn + 24n* + 10n° — 4
3:

2n(2n—1)(2n+1)
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New Challenges in Simplification, Re-summation Framework and
Further Work
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New Challenges in Simplification

Based on the summation method, the main effort to obtain the
exact closed-form expression is to deal with the summation

"anomalies" involving rational functions of polygamma functions
that may not simplify to closed-form occuring in the calculation.
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New Challenges in Simplification

Based on the summation method, the main effort to obtain the
exact closed-form expression is to deal with the summation

"anomalies" involving rational functions of polygamma functions
that may not simplify to closed-form occuring in the calculation.

a takes the values m, a + m, 2o+ m, 2o +2m
b, ¢ takes the values 0, «, 2a 2+ m

() ~~  o(k) o a+1—k)

h _Za—i—l—k Z

(bc) Yok + b) ¢0k+b
Z (k+¢)? Z k+c

(bie) _~~ Y1(k +b) Yo(k + b)

{5 Z k+c Z k+c
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New challenges in simplification

Table: New anomalies in the current work

an):ki_l (a fi(ﬁ)ky
an):/é to(a 4};21 — k)
- f e
(2 :é:l wo(k);bi(i J_r /1< — k)
Q(®) :,;1 ¢o(k)k¢i(/; + b)

(a) wo(k)wo(a +1—k)
ha = Z m+1—k

a (k +1—k
Q(14) Z% Wo(i )
Yo(k)o(k + b
2:1 0 (;(( )
a +1—k
32(18)22 wl(é’k)

b
Q¢ =

k=1
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Re-summation framework

We need new summation identities to eliminate such anomalies.
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Re-summation framework

We need new summation identities to eliminate such anomalies.
We need re-summation framework to derive the new summation
identities.

» Rewrite the argument with m appearing in one of its
parameters, such that the summation anomaly G(m) is a
function with m as variable.

» Re-summation of G(m) can be generated by iterating a
suitably chosen recurrence relation

G(m) = Cm-1 G(m — 1) + rm—1,

Each iteration is to replace the term G(m — i) with its
previous one G(m — i — 1).

> Keep iterating until G(m — i) vanishes, we then obtain an
alternative form of G(m)

24/29



Re-summation framework: Example

Q) — i Yo(k)Yo(a+1— k)

k=1 k
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Re-summation framework: Example

Q) — i Yo(k)Yo(a+1— k)
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Re-summation framework: Example

Setb=a—m

Sum over i on both side of

G) - Gli - 1) = Yovolb+1) | S wo(k)
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Re-summation framework: Example

Setb=a—m

Sum over i on both side of

. i1
6() - 6(i - 1) = L) 5h Yol

use summation identities recursively breaks the anomaly Qgi) into
(a—m,0) (a—m,0) ~(0,a—m) ~(0,a— —m,0
Q Q L QiPamm qOamm) qla=m0)

4 » Mg and closed forms.
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Further work

» x4 relative to kurtosis of Bures-Hall ensemble
» Cumulant structure for Bures-Hall ensemble
Summation-free approach$

» Construct decoupling statistics starting from
Christoffel-Darboux kernels

§Huang-Wei [2025] Cumulant structures of entanglement entropy, available at arXiv:2502.05371
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Further work

» x4 relative to kurtosis of Bures-Hall ensemble
» Cumulant structure for Bures-Hall ensemble
Summation-free approach$

» Construct decoupling statistics starting from
Christoffel-Darboux kernels

> Identify matrix-level consecutive cumulant relations through
derivative w.r.t. parameters of matrix densities

» Recycle remaining integrals from the decoupling into
lower-order cumulants

SHuang-Wei [2025] Cumulant structures of entanglement entropy, available at arXiv:2502.05371 26/29



Further work

= mten=m(vo(n+3) + 3 (n+3)

4n2 +2mn—m? +1 1
+ 1 <n+>
8n 2

where coefficient of 11 (n + %) is the mean of induced purity (i.e.

™ . x?) over unconstrained Bures-Hall ensemble.
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Further work

= mten=m(vo(n+3) + 3 (n+3)

4n2 +2mn—m? +1 1
+ ¢1<n+>

8n 2

where coefficient of 11 (n + %) is the mean of induced purity (i.e.

S°M . x?) over unconstrained Bures-Hall ensemble.

k3 = m(2n—m) <b1¢2<n+;>+b21/)0(n+ )¢1<n+;>

vowin (o 1)+ (o 1) 4263 (o L) 30 (n+ 1))

—4m? +8mn+4n® +7
8

where coefficient of 1, (n + %) is the mean of 3", x? over

b1 =

unconstrained Bures-Hall ensemble (numerical check). 27/29



Further work

Conjecture:
>

k] = m(2n — m) (Clwll (n—i— ;) + >

where coefficient of ¢;_1 (n + %) is the mean of 3 ; x/ over
unconstrained Bures-Hall ensemble.

» There is no non-polygamma term in /@,T.
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Happy Birthday, Peter!
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