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Facts
• Integrability in random matrix models has been a long-standing interests for 

studies in mathematical physics 
 
1. Exact computations for correlation functions/Exact solutions for problems in 
statistical physics 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Facts
• Integrability in random matrix models has been a long-standing interests for 

studies in mathematical physics 
 
2. Asymptotic/Limiting behavior of correlation kernels and their applications in 
Painleve/Toda equations
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Skew orthogonal polynomials in random matrix theory


• The average characteristic polynomials of Orthogonal ensembles and Symplectic 
ensembles


• Characterization of some two-component log-gas system with different charges
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Motivations
Skew orthogonal polynomials and integrability


• Skew Christoffel-Darboux kernel 

Thecorrelationkernelofarthogand symplecticensemblecouldn'tonlybeexpressedasSop

butasarankoneperturbationofunitaryensemble
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Motivations
Skew orthogonal polynomials and integrability


• Skew Christoffel-Darboux kernel 


• Wave functions for Pfaff lattice 
 
[Adler, Horozov&van Moerbeke, IMRN, 1999] 
[Adler&van Moerbeke, Math. Ann., 2002]  
[Adler&van Moerbeke, Duke Math J., 2002]
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Motivations
Multiple orthogonal polynomials in random matrix theory


• Hermitian matrix ensemble with external source 

• Non-intersecting Brownian motion with different starting point and ending point
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Motivations
Multiple orthogonal polynomials in classical integrable systems


• Multi-component Toda system 

Adler vanMoerbeke VanhaeckelCMP09
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Motivations
Multiple orthogonal polynomials in classical integrable systems


• Multi-component Toda system 

Álvarez_Fernandez Prieto Manas Adv.Math 10
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Laxpairsofmulti component Todasystem



References (about random matrices and integrable systems)

Random matrix models Orthogonality Integrable lattice hierarchy References 

Hermitian (unitarily invariant) 
ensemble Standard orthogonality 1d-Toda lattice/KdV 

hierarchy
[Gerasimov et al 91’]


[Adler&van Moerbeke 95’]

Orthogonal/symplectic  
invariant ensemble Skew OPs Pfaff lattice/DKP hierarchy

[Adler, Horozov&van 
Moerbeke 99’]


[Adler&van Moerbeke 02’]

Multi-matrix Ensemble String OPs 2d-Toda hierarchy [Adler&van Moerbeke 01’]

 Cauchy two-matrix model Cauchy bi-orthogonal 
polynomials CKP/C-Toda hierarchy [SHL&Li 19’]

Bures ensemble Partial skew orthogonal 
polynomials BKP/B-Toda hierarchy [Hu&SHL 17’] 

[Chang, He, Hu&SHL 18’]
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• Is there any connection between multiple skew-orthogonal polynomials and 
classical integrable systems? 
 
Reference:  
SHL, B. Shen, J. Xiang and G. Yu, Multiple Skew-Orthogonal Polynomials and 2-component Pfaff 
lattice hierarchy. Ann. Henri Poincare, 25 (2024) 3333-3370.



Skew-orthogonal polynomials
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Skew-orthogonal polynomials
• Definition: 


• Linear algebra technique and Pfaffian expressions:
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Skew-orthogonal polynomials
• Definition: 


• Linear algebra technique and Pfaffian expressions:
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Multiple skew-orthogonal polynomials 
• Definition:



Multiple skew-orthogonal polynomials 
• Definition:

Rio up linear
combinationofpoly.xweight

ˇ
i thcomponent

R芯 up ofpolynomials Tv vp



Multiple skew-orthogonal polynomials 
• Pfaffian expressions:

A determinantal expression forblockmatrices
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Application 1: Non-intersecting Brownian motions
• Karlin-McGregor formula vs LGV (Lindstorm-Gessel-Viennot) lemma

KarlinMcGregorformula Consider n independentcopieswithgiven

startingpoints a car can attime t 0 Thentheprobabilitydensity

oftheeventoffindingthepaths atpointshi zen attime toowithout

anytwoofthemhaving
intersected inthetimeinterval o.t is proportional

to detlplai.ujitlli.it Where pln.y.tlisthetransitionprobability

densityofthediffusion process



Application 1: Non-intersecting Brownian motions
• Karlin-McGregor formula vs LGV (Lindstorm-Gessel-Viennot) lemma
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Application 1: Non-intersecting Brownian motions
• Karlin-McGregor formula vs LGV (Lindstorm-Gessel-Viennot) lemma
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Application 1: Non-intersecting Brownian motions
• Karlin-McGregor formula vs LGV (Lindstorm-Gessel-Viennot) lemma


• Applications into non-intersecting Brownian motions
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Application 1: Non-intersecting Brownian motions
• Karlin-McGregor formula vs LGV (Lindstorm-Gessel-Viennot) lemma


• Applications into non-intersecting Brownian motions


• Confluent cases and multiple orthogonal polynomials
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Application 1: Non-intersecting Brownian motions
• Stembridge’s formula
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Stembridge. Nonintersecting paths, Pfaffians, and plane partition. Adv. Math., 1992



Application 1: Non-intersecting Brownian motions
• Stembridge’s formula 
 
 
 
 
 
 
 
 
Ref.:  
Ciucu and Krattenthaler, The interaction of a gap with a free boundary in a two dimensional 
dimer system, Commun. Math. Phys., 2011.  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Application 1: Non-intersecting Brownian motions
• Stembridge’s formula


• Applications into NIBM (distribution of ending points) 
 
 
 
 
 
 
Ref.:  
Katori and Tanemura, Scaling limits of vicious walks and two-matrix models, Phys. Rev. E, 
2002.
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Application 1: Non-intersecting Brownian motions
• Stembridge’s formula


• Applications into NIBM (distribution of ending points) 
 
 
 
 
 
 
Ref.:  
Katori and Tanemura, Scaling limits of vicious walks and two-matrix models, Phys. Rev. E, 
2002.

t n

ii灣
哗 哗 华 in

xdetlp io i t

e
n ni ni re

A discreteversionwasgivenbyForrester Nagao 2002



Application 1: Non-intersecting Brownian motions
• A generalization of Stembridge’s formula and multiple skew-orthogonal polynomials  
 
 
 
 
 
 
 
 
 
 
Ref.:  
SHL and Z. Yao, Non-intersecting path explanation for block Pfaffians and applications into skew-
orthogonal polynomials, Adv. Appl. Math., 2025.
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Application 1: Non-intersecting Brownian motions
• A generalization of Stembridge’s formula and multiple skew-orthogonal polynomials  
 
 
 
 
 
 
 
 
 
 
Ref.:  
SHL and Z. Yao, Non-intersecting path explanation for block Pfaffians and applications into skew-
orthogonal polynomials, Adv. Appl. Math., 2025.
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Application 1: Non-intersecting Brownian motions
• A generalization of Stembridge’s formula and multiple skew-orthogonal polynomials  
 
 
 
 
 
 
 
 
 
 
Ref.:  
SHL and Z. Yao, Non-intersecting path explanation for block Pfaffians and applications into skew-
orthogonal polynomials, Adv. Appl. Math., 2025.
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Application 2: 2-component Pfaff lattice
• Time evolutions: 
 
 
 
 
 
 
 
Ref.:  
1. P. van Moerbeke. Nonintersecting Brownian motions, integrable systems and orthogonal 
polynomials, MSRI Publ., 2007. 
2. M. Adler, P. van Moerbeke, and P. Vanhaecke. Moment Matrices and Multi-Component KP, with 
applications in random matrix theory, Comm. Math. Phys., 2009.
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Application 2: 2-component Pfaff lattice
• Time evolutions:


• Discrete spectral transformations:  
 
 
 
 
—More examples about discrete spectral transformations of skew-orthogonal 
polynomials could be found at:  
SHL, G. Yu, Christoffel transformations for (partial-)skew-orthogonal polynomials and 
applications, Adv. Math., 2024.
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Application 2: 2-component Pfaff lattice
• Cauchy/Stieltjes transform: 


• 2-component Pfaff lattice hierarchy:
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Remarks on Pfaff lattice hierarchy
• The term “Pfaff lattice hierarchy” was first proposed by Adler and van 

Moerbeke [M. Adler, E. Horozov and P. van Moerbeke, IMRN, 1999].  In fact, this 
equation is equivalent to the KP equation of D-type according to the 
classification by Kyoto school. 


• The 2-component Pfaff lattice hierarchy was studied by Takasaki [K. Takasaki, 
Auxiliary linear problem, Difference Fay identities and dispersionless limit of the Pfaff-Toda 
lattice hierarchy, SIGMA, 2009]. The infinite-dimensional Lie algebraic realization of 
the general multi-component case is still unknown.


• An elliptic skew orthogonal polynomials and related Pfaff lattice (Landau-
Lifshitz equation) was considered recently [W. Fu and SHL, Skew-orthogonal 
polynomials and Pfaff lattice hierarchy associated with an elliptic curve, IMRN, 2024].



Thanks for your attention!


