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The Ginibre Orthogonal Ensemble (GinOE)

GinOE: An n × n matrix

G = (gjk)
n
j,k=1,

where
gjk ∼ NR(0, 1/n).

The circular law.

Two-species particle system.

The probability to have m real eigenvalues:

pn,m := P
[
Nn = m

]
,

where Nn := #{real eigenvalues of the GinOE}.

n = 64
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The p.d.f of Nn: Numerics

n = 2
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The p.d.f of Nn: Numerics
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The p.d.f of Nn: Numerics
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The p.d.f of Nn: Numerics

n = 128
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The p.d.f of Nn: Numerics

n

pn,m

m

A illustration of the p.d.f. pn,m.
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The p.d.f. of Nn: LLN & CLT

O(
√
n)

O( 4
√
n)

n

pn,m

m

The Law of Large Number:

ENn ∼
√

2n

π
.

Edelman–Kostlan–Shub ’94, J. Amer. Math. Soc.

The Central Limit Theorem:

Nn − ENn√
ENn

→ N(0, 2−
√
2),

Simm ’17, Random Matrices Theor. Appl.

Simm–FitzGerald ’23, Ann. Inst. Henri Poincaré Probab. Stat.
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The p.d.f. of Nn: large deviation probabilities

O(
√
n)

O( 4
√
n)

n

pn,m

m

The Rare Event (left tail):

log pn,m ∼ − 1√
2π
ζ( 32 )

√
n, m = O(ENn

log n ).

Kanzieper et. al. ’16, Ann. Appl. Probab.

The Rare Event (right tail):

log pn,m ∼


a1n

2 + a2n

+a3log n + a41,
m = n − 2,

− log 2

4
n(n − 1), m = n.

Edelman ’97, J. Multivariate Anal.

Akemann–Kanzieper ’07, J. Stat. Phys.
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Elliptic Ginibre Orthogonal Ensemble (elliptic GinOE)

GinOE: An n × n matrix

G = (gjk)
n
j,k=1,

where

gjk ∼ NR(0, 1/n).

Elliptic GinOE: Given τ ≡ τn ∈ [0, 1],

Xτ :=

√
1 + τ

2
H+ +

√
1− τ

2
H−

with
H− = (G − GT )/

√
2.

GOE: An n × n matrix

H+ =
G + GT

√
2

.

τ0 10.5 0.95

Strong non-Hermiticity: τ ∈ [0, 1) is a constant. / Weak non-Hermiticity: τ ≡ τn ↑ 1 as n → ∞.

Fyodorov–Khoruzhenko–Sommers ’97&’98, Phys. Rev. Lett. & Ann. Inst. H. Poincaré Phys. Théor.
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Y.-W. Lee Real eigenvalue of GinOE Aug., 2025 5 / 23



Elliptic Ginibre Orthogonal Ensemble (elliptic GinOE)

GinOE: An n × n matrix

G = (gjk)
n
j,k=1,

where

gjk ∼ NR(0, 1/n).

Elliptic GinOE: Given τ ≡ τn ∈ [0, 1],

Xτ :=

√
1 + τ

2
H+ +

√
1− τ

2
H−

with
H− = (G − GT )/

√
2.

GOE: An n × n matrix

H+ =
G + GT

√
2

.

τ0 10.5 0.95

Strong non-Hermiticity: τ ∈ [0, 1) is a constant. / Weak non-Hermiticity: τ ≡ τn ↑ 1 as n → ∞.

Fyodorov–Khoruzhenko–Sommers ’97&’98, Phys. Rev. Lett. & Ann. Inst. H. Poincaré Phys. Théor.
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The p.d.f. of Nn: LLN & CLT

O(
√
n)

O( 4
√
n) O(

√
n)

O(n)

n

pn,m

m

Strong non-Hermiticity: τ ∈ [0, 1): const.

Weak non-Hermiticity: τ = 1− α2

n .

The Law of Large Number:

ENn ∼


√

2
π

1+τ
1−τ

√
n, Strong nH,

c(α)n, Weak nH.

Forrester–Nagao ’08, J. Phys. A.

Byun–Kang–Lee–Lee ’23, Int. Math. Res. Not.

The Central Limit Theorem:

Nn − ENn√
ENn

→

N(0, 2−
√
2), Strong nH,

N(0, 2− 2 c(
√
2α)

c(α) ), Weak nH.

Forrester ’24, Electron. Commun. Probab.

Byun–Molag–Simm ’25, Electron. J. Probab.
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The p.d.f. of Nn: large deviation probabilities

O(
√
n)

O( 4
√
n) O(

√
n)

O(n) n

pn,m

m

Strong non-Hermiticity: τ ∈ [0, 1): const.

Weak non-Hermiticity: τ = 1− α2

n .

The Rare Event (Strong nH):

log pn,m ∼


−
√

1+τ
1−τ

1√
2π
ζ( 32 )

√
n, m = O(ENn

log n ),

− n(n−1)
4 log( 2

1+τ ), m = n.

Forrester–Nagao ’08, J. Phys. A.

Byun–Molag–Simm ’25, Electron. J. Probab.
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The p.d.f. of Nn: large deviation

O(
√
n)

O( 4
√
n) O(

√
n)

O(n) n

pn,m

m

Strong non-Hermiticity: τ ∈ [0, 1): const.

Weak non-Hermiticity: τ = 1− α2

n .

The Rare Event (Weak nH):

log pn,m =


≤ d(α)n, m = O(ENn

log n ),

− n(n−1)
4 log

(
2

1+τn

)
, m = n.

Forrester–Nagao ’08, J. Phys. A.

Byun–Molag–Simm ’25, Electron. J. Probab.
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Main result: elliptic GinOE

Theorem (Akemann–Byun–L. ’25)

(General case) Let m = n − 2ℓ with ℓ = O(1). Then as n → ∞, we have

log pn,n−2ℓ =

a1n
2 + a2n + a3log n + O(1), Strong nH, i.e., τ ∈ [0, 1) : const.,

b1n + b2log n + b31 + o(1), Weak nH, i.e., τ = 1− α2/n.

Here, the constants aj and bj are given by

a1 = −1

4
log

( 2

1 + τ

)
, a2 = ℓ log

(3− τ

1 + τ

)
+

1

4
log

( 2

1 + τ

)
, a3 = −ℓ

2

2
,

b1 = −α
2

8
, b2 = ℓ, b3 =

α2

8
− α4

32
+
ℓ

2
e

α2

2 (I0(
α2

2 )− I1(
α2

2 ))− ℓ− log(ℓ!).

(Special case) Moreover, for ℓ = 1, we have the full-order expansion.
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Remarks

Equivalently, for ℓ = O(1), we have

pn,n−2ℓ

pn,n
≈


1

nℓ(ℓ−1)/2

(pn,n−2

pn,n

)ℓ

≈ 1

nℓ2/2

(3− τ

1 + τ

)ℓn

,

Strong nH.

1

ℓ!

(pn,n−2

pn,n

)ℓ

≈ 1

ℓ!
nℓ
[
eα

2/2

2

(
I0(

α2

2 )− I1(
α2

2 )
)
− 1

]ℓ
,

Weak nH.

Recall for τ = 1− α2/n, we have ENn = c(α)n + O(1). Especially, we have

eα
2/2

2

(
I0(

α2

2 )− I1(
α2

2 )
)
− 1 =

c(iα)

2
− 1.

Y.-W. Lee Real eigenvalue of GinOE Aug., 2025 10 / 23



Remarks

Equivalently, for ℓ = O(1), we have

pn,n−2ℓ

pn,n
≈


1

nℓ(ℓ−1)/2

(pn,n−2

pn,n

)ℓ

≈ 1

nℓ2/2

(3− τ

1 + τ

)ℓn

, Strong nH.

1

ℓ!

(pn,n−2

pn,n

)ℓ

≈ 1

ℓ!
nℓ
[
eα

2/2

2

(
I0(

α2

2 )− I1(
α2

2 )
)
− 1

]ℓ
, Weak nH.

Recall for τ = 1− α2/n, we have ENn = c(α)n + O(1). Especially, we have

eα
2/2

2

(
I0(

α2

2 )− I1(
α2

2 )
)
− 1 =

c(iα)

2
− 1.

Y.-W. Lee Real eigenvalue of GinOE Aug., 2025 10 / 23



Remarks

Equivalently, for ℓ = O(1), we have

pn,n−2ℓ

pn,n
≈


1

nℓ(ℓ−1)/2

(pn,n−2

pn,n

)ℓ

≈ 1

nℓ2/2

(3− τ

1 + τ

)ℓn

, Strong nH.

1

ℓ!

(pn,n−2

pn,n

)ℓ

≈ 1

ℓ!
nℓ
[
eα

2/2

2

(
I0(

α2

2 )− I1(
α2

2 )
)
− 1

]ℓ
, Weak nH.

Recall for τ = 1− α2/n, we have ENn = c(α)n + O(1). Especially, we have

eα
2/2

2

(
I0(

α2

2 )− I1(
α2

2 )
)
− 1 =

c(iα)

2
− 1.

Y.-W. Lee Real eigenvalue of GinOE Aug., 2025 10 / 23



Further related topics

Real eigenvalue statistics

Products of GinOE: Forrester ’14, Forrester–Ipsen ’16, Simm ’17, Akemann–Byun ’24

Asymmetric Wishart matrix: Akemann–Kieburg–Phillips ’10, Byun–Noda ’25

TOE: Forrester–Ipsen ’18, Forrester–Ipsen–Kumar ’20, Little–Mezzadri–Simm ’22

Spherical GinOE: Edelman–Kostlan–Shub ’94, Forrester–Mays ’12, Forrester ’25

Wigner matrix: Tao–Vu ’15

Counting statistics

(Elliptic) Ginibre ensembles: Amkemann–Byun–Ebke–Schehr ’22, Akemann–Duits–Molag ’24

Free Fermions: Dean–Le Doussal–Majumdar–Shehr ’16, ’19, Lacroix-A-Chez-Toine–Majumdar–Schehr ’19

Normal matrix model with spectral gap: Ameur–Charlier–Cronvall–Lenells ’24, Charlier ’24

Deviations of extremal real eigenvalues

GinOE: Cipollini–Erdős-Xu ’22, Xu–Zeng ’25

GβE and Wishart matrix: Dean–Majumdar ’06, Majumdar–Vergassola ’09

Relavent physical model

Annihilating Brownian motion: Tribe–Zaboronski ’11, Forrester ’15
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Studies on Nn: Summary

LLN and CLT for Nn

Regime LLN CLT

Strong nH. EKS’94 (τ = 0), FN’08 Si’17 (τ = 0), Fo’24, BMS’25

Weak nH. BKLL’23 Fo’24, BMS’25

Large deviations for Nn

Regime m = O(ENn

log n ) m = n − O(1) m = n

Strong nH.
KPTTZ ’16 (τ = 0)

BMS ’25 (τ ≥ 0)

AK’07 (m = n − 2)

ABL’25

Ed ’97, FN ’08
(closed form)

Weak nH.
BMS ’25

(upper bound)

ABL’25

FN ’08
(closed form)
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Sketch of Proof
1 The partial j.p.d.f.
2 Mean-field approximation: Strong non-Hermiticity
3 Skew-orthogonal polynomial formalism: Weak non-Hermiticity



The partial j.p.d.f. of the eigenvalues

The partial j.p.d.f. having m real eigenvalues and ℓ complex conj. pairs is

Pm,ℓ(λ1, . . . , λm; z1, . . . ,zℓ) =
1

Zm,ℓ

∏
1≤j<k≤m

|λj − λk |
m∏
j=1

exp
(
− nλ2

j

2(1+τ)

) m∏
j=1

ℓ∏
k=1

(λj − zk)(λj − zk)

×
∏

1≤j<k≤ℓ

|zj − zk |2|zj − zk |2
ℓ∏

j=1

|zj − z j | erfc
( √

n|zj−z j |√
2(1−τ 2)

)
exp

(
− n(z2j +z2j )

2(1+τ)

)

Lehmann–Sommers ’91, Phys. Rev. Lett., Forrester–Nagao ’08, J. Phys. A.

Our task
Find asymptotic formula for

pn,m =

∫
Rm

∫
Hℓ

Pm,ℓ(λ1, . . . , λm; z1, . . . , zℓ) d
2z1 · · · d2zℓ dλ1 · · · dλm.
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Interpretation on the partial j.p.d.f.

Two different approaches
1 Two-species 2d Coulomb gas:

Pm,ℓ(λ1, . . . , λm; z1, . . . ,zℓ) =
1

Zm,ℓ

∏
1≤j<k≤m

|λj − λk |
m∏
j=1

exp
(
− nλ2

j

2(1+τ)

) m∏
j=1

ℓ∏
k=1

(λj − zk)(λj − zk)

×
∏

1≤j<k≤ℓ

|zj − zk |2|zj − zk |2
ℓ∏

j=1

|zj − z j | erfc
( √

n|zj−z j |√
2(1−τ 2)

)
exp

(
− n(z2j +z2j )

2(1+τ)

)
.

2 Products of characteristic polynomials of the GOE:

Pm,ℓ(λ1, . . . , λm; z1, . . . ,zℓ) =
1

Zm,ℓ
PGOE(m)(G )

ℓ∏
j=1

det(zj − G ) det(z j − G )

×
∏

1≤j<k≤ℓ

|zj − zk |2|zj − zk |2
ℓ∏

j=1

|zj − z j | erfc
( √

n|zj−z j |√
2(1−τ 2)

)
exp

(
− n(z2j +z2j )

2(1+τ)

)
.
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Sketch of Proof
1 The partial j.p.d.f.
2 Mean-field approximation: Strong non-Hermiticity
3 Skew-orthogonal polynomial formalism: Weak non-Hermiticity



Mean-field approximation

Heuristic 1: Finite charge insertion (locations may vary) to the GOE.

Heuristic 2: Conditioned on Nn = n − O(1), the real eigenvalue distribution ≈ the semicircle law.

Strong Szegő Theorem (Johansson ’98, Duke. Math. J., Shcherbina ’13, J. Stat. Phys.)

For a test function h : R → R (with enough regularity), as m → ∞,

EGOE(m)

[
exp

( m∑
j=1

h(λj)
)]

= exp

(
m

∫
R
h(λ) dg(λ) + A[h] + O(m−1)

)
for some explicit functional A.

Apply the Strong Szegő Theorem with h(λ) =
∑ℓ

k=1 log |λ− zk |2.
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Mean-field approximation and effective potential

pn,m =
1

Zm,ℓ

∫
Hℓ

EGOE

[
exp(

∑
j h(λj ))

]
=∫

Rm

∏
1≤j<k≤m

|λj − λk |
m∏
j=1

exp
(
− nλ2

j

2(1+τ)

) m∏
j=1

ℓ∏
k=1

(λj − zk)(λj − zk) d λ⃗

×
∏

1≤j<k≤ℓ

|zj − zk |2|zj − zk |2
ℓ∏

j=1

|zj − z j | erfc
( √

n|zj−z j |√
2(1−τ 2)

)
exp

(
− n(z2j +z2j )

2(1+τ)

)
d2z⃗

=
ZGOE(m)

Zm,ℓ

∫
Hℓ

em
∫
R
∑

j log |λ−zj |2 dµsc (λ)+O(1)
∏

1≤j<k≤ℓ

|zj − zk |2|zj − zk |2
ℓ∏

j=1

e−nVn(zj ) d2z⃗

=
ZGOE(m)

Zm,ℓ

∫
Hℓ

∏
1≤j<k≤ℓ

|zj − zk |2|zj − zk |2
ℓ∏

j=1

e−nQn(zj ) d2z⃗eO(1),

where

Qn(z) = Vn(z) +
m

n

∫
R
log |z − λ|2 dµsc(λ)

n→∞−−−→ Q(z).
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Effective potential: strong non-Hermiticity

Q(z) =
(Re z)2

1 + τ
+

(Im z)2

1− τ
−
∫
R
log |z − t|2 dµsc(t).

Figure: Q(z) for z ∈ H.

∃ the global minima z⋆ := argminz∈H Q(z).

Especially,

Q(z⋆)− Q(0) =
3− τ

1 + τ
.

Heuristically, |zj − zk | = O(1/
√
n) for j ̸= k.

This implies∏
1≤j<k≤ℓ

|zj − zk |2 ≍
1

nℓ(ℓ−1)/2
.
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Conclusion of the proof

Recall that

pn,m =
ZGOE(m)

Zm,ℓ

∫
Hℓ

∏
1≤j<k≤ℓ

|zj − zk |2|zj − zk |2
ℓ∏

j=1

e−nQn(zj ) d2z⃗eO(1).

Thus,
pn,n−2ℓ

pn,n
≈ 1

nℓ(ℓ−1)/2

(pn,n−2ℓ

pn,n

)ℓn

≈ 1

nℓ2/2

(3− τ

1 + τ

)ℓn

.

□
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Effective potential: weak non-Hermiticity (Heuristic)

Qn(z) ≈
(Re z)2

1 + τn
+

(Im z)2

1− τn
−
∫
R
log |z − t|2 dµsc(t).

Figure: Qn(z) for z ∈ H (τn = 0.99).

Figure: Qn(z) for z ∈ H: zoomed.
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Sketch of Proof
1 The partial j.p.d.f.
2 Mean-field approximation: Strong non-Hermiticity
3 Skew-orthogonal polynomial formalism: Weak non-Hermiticity



Products of characteristic polynomials of the GOE

Recall that the partial j.p.d.f.

Pm,ℓ(λ1, . . . , λm; z1, . . . ,zℓ) =
1

Zm,ℓ
PGOE(m)(G )

ℓ∏
j=1

det(zj − G ) det(z j − G )

×
∏

1≤j<k≤ℓ

|zj − zk |2|zj − zk |2
ℓ∏

j=1

|zj − z j | exp
(
− n(z2j +z2j )

2(1+τ)

)
=:∆w (z⃗)

erfc
( √

n|zj−z j |√
2(1−τ 2)

)
.

Especially, it is known〈 ℓ∏
j=1

det(zj − G ) det(z j − G )

〉
GOE(m)

=
1

∆w (z⃗)
Pf

[
κn(za, zb) κn(za, zb)
κn(za, zb) κn(za, zb)

]
2ℓ×2ℓ

,

where κn(z ,w) is the GOE skew-kernel

κn(z ,w) =
1

2
e−

z2+w2

2

n/2−1∑
j=0

q2j+1(z)q2j(w)− q2j(z)q2j+1(w)

hj
.

Borodin–Strahov ’06, Comm. Pure Appl. Math.
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Pfaffian formula

These give

pn,m =
pn,n
ℓ!

(2
i

)ℓ
∫
Hℓ

Pf

[
κn(za, zb) κn(za, zb)
κn(za, zb) κn(za, zb)

]
2ℓ×2ℓ

ℓ∏
j=1

erfc
(

|zj−z j |√
2(1−τ)

)
d2z⃗ .

The summation formula for the GOE skew-kernel is

κn(z ,w) =
1

2
e−

z2+w2

2

n/2−1∑
j=0

q2j+1(z)q2j(w)− q2j(z)q2j+1(w)

hj

= e
z2+w2

2
cn
cn−1

[
d

dz

(ψn(z)ψn−1(w)− ψn−1(z)ψn(w)

z − w

)
+ ψn(z)ψn−1(w)

]
,

where ψn(z) is the Hermite function and cn’s are explicit constants.

Forrester–Nagao–Honner ’99, Nuclear Phys. B., Widom ’99, J. Stat. Phys.,
Adler–Forrester–Nagao–van Moerbeke ’00 J. Stat. Phys.
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Asymptotic of the Pfaffian: weak non-Hermiticity

For general ℓ = O(1),

Pf

[
κn(za, zb) κn(za, zb)
κn(za, zb) κn(za, zb)

]
2ℓ×2ℓ

≈
ℓ∏

j=1

κn(zj , z j).

Thus, we have

pn,n−2ℓ =
pn,n
ℓ!

(2
i

)ℓ
∫
Hℓ

Pf

[
κn(za, zb) κn(za, zb)
κn(za, zb) κn(za, zb)

]
2ℓ×2ℓ

ℓ∏
j=1

erfc
(

zj−z j

i
√

2(1−τ)

)
d2z⃗

≈ pn,n
ℓ!

(2
i

)ℓ ℓ∏
j=1

∫
H
κn(zj , z j) erfc

(
zj−z j

i
√

2(1−τ)

)
d2zj

=
pn,n
ℓ!

(pn,n−2

pn,n

)ℓ

.

□
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Summary

O(
√
n)

O( 4
√
n) O(

√
n)

O(n) n

pn,m

m

O(
√
n)

O(n)

Strong non-Hermiticity: τ ∈ [0, 1): const.

Weak non-Hermiticity: τ = 1− α2

n .

What we have done

Regime m = O(1) m = n − O(1) m = n

Strong
nH.

KPTTZ ’16
BMS ’25

AK’07 (m = n − 2)

ABL’25

Ed ’97, FN ’08
(closed form)

Weak
nH.

BMS ’25
(upper bound)

ABL’25

FN ’08
(closed form)

Work in progress

Moderate deviation for Nn.

with S.-S. Byun, J. Jalowy & G. Schehr.

Fluctuation of Nn for O(n)-product of GinOEs.

with S.-S. Byun & K. Noda.
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Thank you for your attention!


