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O Literature review and main results

@ Sketch of proof



The Ginibre Orthogonal Ensemble (GinOE)

GinOE: An n x n matrix

G= (gjk)],'],k:h

where
gik ~ Nr(0,1/n).
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The Ginibre Orthogonal Ensemble (GinOE)

GinOE: An n x n matrix

G= (gjk)],'],k:h

where
gik ~ Nr(0,1/n).

n = 256

Real eigenvalue of GinOE Aug., 2025
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gjk ~ Ngr(0

@ The circular law.
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The Ginibre Orthogonal Ensemble (GinOE)

GinOE: An n x n matrix

G= (gjk)],'],k:h

where
gik ~ Nr(0,1/n).

@ The circular law.

@ Two-species particle system.
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The Ginibre Orthogonal Ensemble (GinOE)

GinOE: An n x n matrix

G= (gjk)_}],k=l7

where
gik ~ Nr(0,1/n).

@ The circular law.

@ Two-species particle system.

The probability to have m real eigenvalues:

Pnm = }P’[N,, = m},

where A, := #{real eigenvalues of the GinOE}. n = 64

Real eigenvalue of GinOE Aug., 2025



The p.d.f of NV,;: Numerics

Pn,m

Real eigenvalue of GinOE Aug., 2025
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The p.d.f of NV,;: Numerics
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The p.d.f of NV,;: Numerics

i

A illustration of the p.d.f. p, m.
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The p.d.f. of N,;; LLN & CLT
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The p.d.f. of N,;; LLN & CLT

p The Law of Large Number:
n,m

@ EDELMAN—KOSTLAN—SHUB ’94, J. Amer. Math. Soc.
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The Law of Large Number:

EN, ~ 4/ 2"

™

@ EDELMAN—KOSTLAN—SHUB ’94, J. Amer. Math. Soc.

The Central Limit Theorem:
N, —EN,
VEN,

@ SIMM '17, Random Matrices Theor. Appl.

— N(0,2 — V2),

@ SiMM-FITZGERALD ’23, Ann. Inst. Henri Poincaré Probab. Stat.
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The p.d.f.

Pn,m

of N,: large deviation probabilities

The Rare Event (left tail):
o 1
g Pn,m \/ﬂ

@ KANZIEPER et. al. ’16, Ann. Appl. Probab.

CG)Wn  m=0(Ek).

VB

>4
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The p.d.f. of NV, large deviation probabilities

Pn,m

VB
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The Rare Event (left tail):
1
V2r

@ KANZIEPER et. al. ’16, Ann. Appl. Probab.

m = O(EAa),

C(%)ﬁ’ log n

log Pn,m ~ —

The Rare Event (right tail):

aln2 + asn
m=n-—2,
+aslog n+ a4l,
log pp,m ~
log 2
foi n(n—1), m=n.

@ EDELMAN ’97, J. Multivariate Anal.
@ AKEMANN—KANZIEPER '07, J. Stat. Phys.

Aug., 2025
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Elliptic Ginibre Orthogonal Ensemble (elliptic GinOE)

GinOE: An n x n matrix

G= (g'jk)_ﬂk:]_,

where
gjk ~ 1\111{(07 1/[7)

Real eigenvalue of GinOE Aug., 2025



Elliptic Ginibre Orthogonal Ensemble (elliptic GinOE)

GinOE: An n x n matrix GOE: An n x n matrix
G = (gi)]kors po— Gt6"
+ .
V2
where

gjk ~ 1\111{(07 1/[7)
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Elliptic Ginibre Orthogonal Ensemble (elliptic GinOE)

GinOE: An n x n matrix Elliptic GinOE: Given 7 = 7, € [0, 1], GOE: An n x n matrix

G = (giKk)} k=1 147 1—7 H _GJFGT
Xe = \| o He | H v =%
where

gjk ~ Nr(0,1/n). with Ho— (G- GT)/\@_
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Elliptic Ginibre Orthogonal Ensemble (elliptic GinOE)

GinOE: An n x n matrix Elliptic GinOE: Given 7 = 7, € [0, 1], GOE: An n x n matrix

G:(gjk)fk:b 1+ 7 1—7 H _G—l—GT
where

gjk ~ Nr(0,1/n). with Ho= (G- GT)/\/E,

o
[ T
\]
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Elliptic Ginibre Orthogonal Ensemble (elliptic GinOE)

GinOE: An n x n matrix Elliptic GinOE: Given 7 = 7, € [0, 1], GOE: An n x n matrix

G:(gjk)fk:l, 1+7 1—7 H _G+GT
X =14/ 5 Hy + 4/ 5 H_ + 2
where

gk ~ Nr(0,1/n). with (- 6TV
0 0.5 095 1 T
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Elliptic Ginibre Orthogonal Ensemble (elliptic GinOE)

GinOE: An n x n matrix Elliptic GinOE: Given 7 = 7, € [0, 1], GOE: An n x n matrix

G = (gi)" 41, - G+GT
(&) X[ T 1T e

where
gk ~ Nr(0,1/n). with (- 6TV
0.5 095 1 r

Strong non-Hermiticity: 7 € [0,1) is a constant. / Weak non-Hermiticity: 7 =7, 11 as n — cc.
FYODOROV-KHORUZHENKO-SOMMERS '97&'98, Phys. Rev. Lett. & Ann. Inst. H. Poincaré Phys. Théor.
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The p.d.f. of N,;; LLN & CLT

Pn,m

)\

n

@ Strong non-Hermiticity: 7 € [0,1): const.

N}

[0}

@ Weak non-Hermiticity: 7 =1— <.
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N,: LLN & CLT

The Law of Large Number:

2147 /n, Strong nH,

7w 1l—7

EN, ~
c(a)n, Weak nH.

@ FORRESTER-NAGAO ’08, J. Phys. A.
@ BYUN-KANG-LEE-LEE ’23, Int. Math. Res. Not.

»
>

o(/m ol Z

@ Strong non-Hermiticity: 7 € [0,1): const.

N}

[0}

@ Weak non-Hermiticity: 7 =1— <.
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N,: LLN & CLT

The Law of Large Number:

APn,m
2147 /n, Strong nH,
E,/\/,, -~ 7w 1l—7

| 1 c(a)n, Weak nH.

: : @ FORRESTER-NAGAO ’08, J. Phys. A.

! O(V/n) i O(v/n) @ BYUN-KANG-LEE-LEE ’23, Int. Math. Res. Not.

\ \ The Central Limit Theorem:

l l N(0,2 — v/2), Strong nH,
J\ ; o Mo — ENy
o(vn  O(n) n VEN, N(0,2 — 2622y - Weak nH,

° Strong non—Herm|t|C|ty: TE [0’ ]‘) const. @ FORRESTER 24, Electron. Commun. Probab.

N}

o
i

@ Weak non-Hermiticity: 7=1— @ BYUN-MOLAG-SIMM ’25, Electron. J. Probab.
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The p.d.f. of NV, large deviation probabilities

Pn,m

The Rare Event (Strong nH):

T N
ot SVERAGVE m= 0.

{
|
|
|
|
|
|
T - log Pn,m ~
|
|
|
|
|
|
|
|

n(n—1) 2 _
—fbg(m), m = n.
J \ @ FORRESTER-NAGAO ’08, J. Phys. A.
. =m @ BYUN-MOLAG-SIMM ’25, Electron. J. Probab.

0(/n) Z

@ Strong non-Hermiticity: 7 € [0,1): const.

N}

[0}

@ Weak non-Hermiticity: 7 =1— <.
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of N,: large deviation

The Rare Event (\Weak nH):

|
|
|
|
|
1 O(/F) < d(a)n, m=0
| Vv
TTT log pn,m =
! ' _ n(n=1) 2 _
| 7 log ), m=n.
|
|
: @ FORRESTER-NAGAO ’08, J. Phys. A.
N LM @ BYUN-MOLAG-SIMM 25, Electron. J. Probab.
>
O(n) n

@ Strong non-Hermiticity: 7 € [0,1): const.

N}

[0}

@ Weak non-Hermiticity: 7 =1— <.
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Main result: elliptic GinOE

Theorem (Akemann—Byun-L. '25)

o (General case) Let m = n— 2( with { = O(1). Then as n — oo, we have

ain’® 4 ayn + aslog n 4+ O(1), Strong nH, e, 7 €]0,1): const.,
|Og Pn,n—2¢ =
bin+ bylog n+ b3l + o(1), , e, T=1-0a2/n.

Real eigenvalue of GinOE



Main result: elliptic GinOE

Theorem (Akemann—Byun-L. '25)

o (General case) Let m = n—2¢ with { = O(1). Then as n — oo, we have

ain’® 4 ayn + aslog n 4+ O(1), Strong nH, e, 7 €]0,1): const.,
|Og pn,n—2€ —
bin+ bylog n+ b3l + o(1), , e, T=1-0a2/n.

Here, the constants a; and b; are given by

a; = 1Io ( 2 ) a =/lo (3_T)+1Io ( 2 ) a3 = £
1 — 4 g 1+7_ ) 2 — g 1 4 g 1+T ) 3 = 27
2 2 A

by=—-=—, by=0 b3=——
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Main result: elliptic GinOE

Theorem (Akemann—Byun-L. '25)

o (General case) Let m = n—2¢ with { = O(1). Then as n — oo, we have

ain’® 4 ayn + aslog n 4+ O(1), Strong nH, e, 7 €]0,1): const.,
|Og pn,n—2€ —
bin+ bylog n+ b3l + o(1), , e, T=1-0a2/n.

Here, the constants a; and b; are given by

a; = 1Io ( 2 ) a =/lo (3_T)+1Io ( 2 ) a3 = £
1 — 4 g 1+7_ ) 2 — g 1 4 g 1+T ) 3 = 27
2 2 A

by=—-=—, by=0 b3=——

o (Special case) Moreover, for £ = 1, we have the full-order expansion.

Real eigenvalue of GinOE



e Equivalently, for £ = O(1), we have

1 Pn,n—2 ¢
l(e—1)/2 ( Pon ) Strong nH.
Pn,n—2¢ ~ ’
pn,n 1 Y/
E(M> Weak nH.
"\ Pn,n

Real eigenvalue of GinOE Aug., 2025



e Equivalently, for £ = O(1), we have

1 Pn,n—2 ¢ 1 3 —7\¢n
,,13(571)/2( P ) e (1 _H_) ) Strong nH.
Popn-2t ’
Pn,n 1 PN 1 ea2/2 ’
TG I e (A R ) | Rt

Real eigenvalue of GinOE Aug., 2025



e Equivalently, for £ = O(1), we have

1 Pn,n—2 ¢ 1 3 —7\¢n
,,13(271)/2( P ) e (1 _H_) ) Strong nH.
Popn-2t ’
Pn,n 1 /pnnont 1 00?/2 ’
E(%) ~0 e{ > (lo(a?) Il(%z)) - 1} ; Weak nH.

@ Recall for 7 =1 — a?/n, we have EN, = c(a)n+ O(1). Especially, we have

ea2/2

5 (b(%)*h(%))*lz > L

Real eigenvalue of GinOE Aug., 2025



Further related topics

Real eigenvalue statistics

Products of GinOE: FORRESTER ’14, FORRESTER-IPSEN ’16, SIMM 17, AKEMANN-BYUN ’24
Asymmetric Wishart matrix: AKEMANN-KIEBURG-PHILLIPS '10, BYUN-NODA ’25

TOE: FORRESTER-IPSEN ’18, FORRESTER-IPSEN-KUMAR ’20, LITTLE-MEZZADRI-SIMM ’22
Spherical GinOE: EDELMAN-KOSTLAN-SHUB 94, FORRESTER—MAYS '12, FORRESTER 25
Wigner matrix: Tao-Vu ’15

Real eigenvalue of GinOE Aug., 2025



Further related topics

Real eigenvalue statistics
@ Products of GinOE: FORRESTER ’14, FORRESTER-IPSEN 16, SIMM ’17, AKEMANN-BYUN ’24

o Asymmetric Wishart matrix: AKEMANN-KIEBURG-PHILLIPS '10, BYUN-NODA ’25
o TOE: FORRESTER-IPSEN ’18, FORRESTER-IPSEN-KUMAR ’20, LITTLE-MEZZADRI-SIMM ’22
@ Spherical GinOE: EDELMAN-KOSTLAN-SHUB ’94, FORRESTER-MAYS ’12, FORRESTER ’25
o Wigner matrix: Tao-Vu 15
Counting statistics
o (Elliptic) Ginibre ensembles: AMKEMANN-BYUN-EBKE-SCHEHR '22, AKEMANN-DUITS-MOLAG 24
@ Free Fermions: Dean-LE DoussaL-MAJUMDAR-SHEHR ’16, ’19, LACROIX-A-CHEZ-TOINE-MAJUMDAR-SCHEHR '19
@ Normal matrix model with spectral gap: AMEUR—CHARLIER—CRONVALL-LENELLS ’24, CHARLIER ’24

Aug., 2025
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Further related topics

Real eigenvalue statistics

Products of GinOE: FORRESTER ’14, FORRESTER-IPSEN ’16, SIMM 17, AKEMANN-BYUN ’24
o Asymmetric Wishart matrix: AKEMANN-KIEBURG-PHILLIPS '10, BYUN-NODA ’25

o TOE: FORRESTER-IPSEN ’18, FORRESTER-IPSEN-KUMAR ’20, LITTLE-MEZZADRI-SIMM ’22
°

°

Spherical GinOE: EDELMAN-KOSTLAN-SHUB 94, FORRESTER—MAYS '12, FORRESTER 25
Wigner matrix: Tao-Vu ’15
Counting statistics
o (Elliptic) Ginibre ensembles: AMKEMANN-BYUN-EBKE-SCHEHR '22, AKEMANN-DUITS-MOLAG 24
@ Free Fermions: Dean-LE DoussaL-MAJUMDAR-SHEHR ’16, ’19, LACROIX-A-CHEZ-TOINE-MAJUMDAR-SCHEHR '19

@ Normal matrix model with spectral gap: AMEUR—CHARLIER—CRONVALL-LENELLS ’24, CHARLIER ’24

Deviations of extremal real eigenvalues
@ GinOE: CrroLLINI-ERDOs-XU 22, XU-ZENG 25
@ GSE and Wishart matrix: DEAN-MAJUMDAR '06, MAJUMDAR—VERGASSOLA "09
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Further related topics

Real eigenvalue statistics

Products of GinOE: FORRESTER ’14, FORRESTER-IPSEN ’16, SIMM 17, AKEMANN-BYUN ’24
Asymmetric Wishart matrix: AKEMANN-KIEBURG-PHILLIPS '10, BYUN-NODA ’25

TOE: FORRESTER-IPSEN ’18, FORRESTER-IPSEN-KUMAR ’20, LITTLE-MEZZADRI-SIMM ’22

]
°
@ Spherical GinOE: EDELMAN-KOSTLAN-SHUB ’94, FORRESTER-MAYS ’12, FORRESTER ’25
]

Wigner matrix: Tao-Vu ’15
Counting statistics
o (Elliptic) Ginibre ensembles: AMKEMANN-BYUN-EBKE-SCHEHR '22, AKEMANN-DUITS-MOLAG 24
@ Free Fermions: Dean-LE DoussaL-MAJUMDAR-SHEHR ’16, ’19, LACROIX-A-CHEZ-TOINE-MAJUMDAR-SCHEHR '19
@ Normal matrix model with spectral gap: AMEUR—CHARLIER—CRONVALL-LENELLS ’24, CHARLIER ’24
Deviations of extremal real eigenvalues
@ GinOE: CrroLLINI-ERDGs-XU 22, XU-ZENG '25
@ GSE and Wishart matrix: DEAN-MAJUMDAR '06, MAJUMDAR—VERGASSOLA "09

Relavent physical model
@ Annihilating Brownian motion: TRIBE-ZABORONSKI '11, FORRESTER '15

Real eigenvalue of GinOE



Studies on NV,: Summary

LLN and CLT for N,

Regime LLN CLT

Strong nH. EKS’94 (r =0), FN’08 S1U’'17 (- =0), Fo’24, BMS’25

Weak nH. BKLL’23 Fo’24, BMS’25

Real eigenvalue of GinOE Aug., 2025



Studies on NV,: Summary

LLN and CLT for N,

Regime LLN CLT
Strong nH. EKS’94 (r =0), FN’08 S1U’'17 (- =0), Fo’24, BMS’25
Weak nH. BKLL’23 Fo’24, BMS’25
Large deviations for M/,
Regime m = O(Iogn) m=n— 0(1) m=n
Strone nH KPTTZ 16 (r=0) AK’07 (m=n-2) Ep 97, FN ’08
g i BMS ’25 (r > 0) (closed form)
Weak nH. BMS ’25 FN 08
(upper bound) (closed form)

Real eigenvalue of GinOE




Studies on NV,: Summary

LLN and CLT for N,

Regime LLN CLT
Strong nH. EKS’94 (r =0), FN’08 S1U’'17 (- =0), Fo’24, BMS’25
Weak nH. BKLL’23 Fo’24, BMS’25
Large deviations for M/,
Regime m = O(Iogn) m=n— 0(1) m=n
Strone nH KPTTZ 16 (r=0) AK 07 (m=n—2) Ep 97, FN ’08
& ’ BMS 25 (r >0) ABL’25 (closed form)
Weak nH. BMS 725 ABL’25 FN 08
(upper bound) (closed form)

Real eigenvalue of GinOE




Sketch of Proof

@ The partial j.p.d.f.

@ Mean-field approximation: Strong non-Hermiticity

@ Skew-orthogonal polynomial formalism: Weak non-Hermiticity



The partial j.p.d.f. of the eigenvalues

The partial j.p.d.f. having m real eigenvalues and ¢ complex conj. pairs is

m 4
Pm,E()\l,...,)\,,,;zl,...725):Zi H |)\j—)\k|Hexp< 2(1+T))HH —zi)(Nj — Zk)

My <ick<m j=1 =1 k=1
2 2 d \/n|z—z;| n(z242%)
PR . > .. MG T4 J J
< T1 = 2Pl — 2 T] 1z~ Zilerfe (222 ) exp (55
1<j<k<t =1

o LEHMANN—SOMMERS ’91, Phys. Rev. Lett., FORRESTER—INAGAO ’08, J. Phys. A.
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The partial j.p.d.f. of the eigenvalues

The partial j.p.d.f. having m real eigenvalues and ¢ complex conj. pairs is

m 4
Pm,E()\l,...,)\,,,;zl,...725):Zi H |)\j—)\k|Hexp( 2(1+T))HH —zi)(Nj — Zk)

My <ick<m j=1 =1 k=1
2 2 d \/n|z—z;| n(z242%)
PR . > .. MG T4 J J
< T1 = 2Pl — 2 T] 1z~ Zilerfe (222 ) exp (55
1<j<k<t =1

o LEHMANN—SOMMERS ’91, Phys. Rev. Lett., FORRESTER—INAGAO ’08, J. Phys. A.

Find asymptotic formula for

Prym — / Py Ami 21, -5 20) d’z; - d?’zpd)y - - d .
m HZ

Real eigenvalue of GinOE Aug., 2025



Interpretation on the partial j.p.d.f.

Two different approaches
@ Two-species 2d Coulomb gas:

m m £
Poe(Ms ooy Ami 21, .0 ,20) = Zi H |)\j—)\k|Hexp( 1+T)l_[l_[ ) (N — Zk)

1<J</<<m j=1 Jj=1k=1
2 2 - /nlz—%;] n(z2+2%)
PR P .. NG 4T J J
X |zj — zk|"|zj — Zk] H |zj — Zj| erfc ( T )) exp ( 0T )
1<j<k<t j=1

Real eigenvalue of GinOE



Interpretation on the partial j.p.d.f.

Two different approaches
@ Two-species 2d Coulomb gas:

m m £
Poe(Ms ooy Ami 21, .0 ,20) = Zi H )\j—)\k|Hexp( 1+T)l_[l_[ ) (N — Zk)

t1<i<k<m j=1 j=1 k=1
¢
2 = |2 = V/n|zj—Zz| n(z3+2?%)
X |zj — zk|"|zj — Zk] H|zjfzj|erfc (T;)) exp( ) )
1<j<k<t j=1
@ Products of characteristic polynomials of the GOE:
1 _
Pme(Ars-- s Ami 215+ ,20) = 5—Pcow(m Hdet G)det(z; — G)
Zm,l
2 T . Vnlz—3]| n(z'+7})
X H |zj — z«|*|zj — Zk| H |zj — Zj| erfc (ﬁ) exp (f peE=) )
1<j<k<et j=1

Real eigenvalue of GinOE



Sketch of Proof

@ The partial j.p.d.f.

@ Mean-field approximation: Strong non-Hermiticity

@ Skew-orthogonal polynomial formalism: Weak non-Hermiticity



Mean-field approximation

Heuristic 1: Finite charge insertion (locations may vary) to the GOE.

Real eigenvalue of GinOE Aug., 2025



Mean-field approximation

Heuristic 1: Finite charge insertion (locations may vary) to the GOE.
Heuristic 2: Conditioned on A, = n — O(1), the real eigenvalue distribution ~ the semicircle law.
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Mean-field approximation

Heuristic 1: Finite charge insertion (locations may vary) to the GOE.
Heuristic 2: Conditioned on A, = n — O(1), the real eigenvalue distribution ~ the semicircle law.

Strong Szeg6 Theorem (JOHANSSON ’98, Duke. Math. 1, SHCHERBINA "13, J stat. Phys.)

For a test function h: R — R (with enough regularity), as m — oo,

Ecos(m) [exp (éh(xj))] — 5@ (m /R h()) dg(A) + Alh] + O(m—1)>

for some explicit functional A.

Apply the Strong Szeg6é Theorem with h()\) = Zi:l log |\ — zx|?.

Real eigenvalue of GinOE Aug., 2025



Mean-field approximation and effective potential

EGOE[EXP(ZJ‘ h(/\j))]:
' m m £ '
1 A2 _ -
pmmzzi/ / H |)\j—)\k|Hexp(f 2(1_;7_)>HH()\J'7Zk)(>\j72k)d>\
me JHE IR™ 1 i Y m =1 =1 k=1
¢ _— n(z2+z2
X H |zi — zk|?|z — Zk|? H |z — Zj| erfc (%) exp ( - 2((’117’))) d*z
1<j<k<t =1

Real eigenvalue of GinOE Aug., 2025



Mean-field approximation and effective potential

EGOE[EXP(ZJ‘ h(/\j))]:
' m m £ '
1 A2 _ -
pmmzzi/ / H |)\j—)\k|Hexp(f 2(1_;7_)>HH()\J'7Zk)(>\j72k)d>\
me JHE IR™ 1 i Y m =1 =1 k=1
¢ _— n(z2+z2
X H |zi — zk|?|z — Zk|? H |z — Zj| erfc (%) exp ( - 2((’117’))) d*z
1<j<k<t =1

_ZGOE(m)/ o Ji 108 1A=z dpsc(A)+0(1) H
e

L
> 7 — 2P|z — 2 [[ e "®) P2
m£ =1

1<j<k<t

Real eigenvalue of GinOE Aug., 2025



Mean-field approximation and effective potential

Ecoe [exp(z hO)| =

me/He/m H Aj *>\/<|Hexp<

1<j<k<m j=1 k=1
< I 15-alz-z \Zﬁ\ =7l erfe (VLA ) exp (- %2 ) o7
zj — z|7|zj — Zk zj = Zj|erfe ( 22E— ) exp PleE=s) Z
1<j<k<t =1
_ Z60E(m) oM J2 35 log |A—z[? dpusc(N)+0(1) H 12 — zi? \ZJ—Zk|2He Valz) 425
V4
mt  JH 1<j<k<£
_ ZeoE
(m)/ Z — 2z — 2l He nQu(2) 27000
H¢ 1<J<k<e =1

Real eigenvalue of GinOE Aug., 2025



Mean-field approximation and effective potential

Ecoe [exp(z hO)| =

me/He/m H Aj *>\/<|Hexp<

1<j<k<m j=1 k=1
< I 15-alz-z \Zﬁ\ =7l erfe (VLA ) exp (- %2 ) o7
zj — z|7|zj — Zk zj = Zj|erfe ( 22E— ) exp PleE=s) Z
1<j<k<t =1
_ ZGOE(m) [ m [, 3 o6 A~ 5[ duc(3)+O(1) I 1P ‘zj—zk|2He nVa(z)
Z
mt  JH 1<j<k<£
_ ZeoE
(m)/ Z — 2z — 2l He nQu(2) 27000
H¢ 1<J<k<e =1

where
Qul2) = Valz) + 7 [ log|z = AP diuclh) 27 Q(2).
R

Real eigenvalue of GinOE Aug., 2025



Effective potential: strong non-Hermiticity

(Rez)?>  (Imz)?

_ _ g2
Q(z) = s + T /Rlog|z t|° dpsc(t).
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Effective potential: strong non-Hermiticity

Figure: Q(z) for z € H.
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Effective potential: strong non-Hermiticity

~ (Rez)?  (Imz)?

_ a2
Q(z) = o, + T /Rlog|z t|* dpse(t).

@ 3 the global minima z* := argmin,cy Q(2).

Figure: Q(z) for z € H.
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Effective potential: strong non-Hermiticity

Qz) = (Re z)? N (Imz)? —/Rlog|2 — t duse(t).

147 1—7

@ 3 the global minima z* := argmin,cy Q(2).
o Especially,
3—-71

Q(z") - QO) = .

Figure: Q(z) for z € H.
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Effective potential: strong non-Hermiticity

2
- / log |z — t|? dpsc(2).
R

@ 3 the global minima z* := argmin,cy Q(2).
o Especially,

3—-71

1+7°

Q(z") - Q(0) =

e Heuristically, |z; — zx| = O(1/+/n) for j # k.
This implies

1
-2 . 2 _
T H 7~z = Hle—1)/2°
3 1<j<k<e

Figure: Q(z) for z € H.
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Conclusion of the proof

Recall that
ZGOE (m _ -
pon =" | ] lg-a 5~ 2 [[ %) 22600,
e 1§/<k<£ j=1
Thus,

Pn,n—2¢ _ 1 (pn,n72£)en 1 (3 - T)Zn
Pn,n ~ ntt=1)/2 Pn,n ’
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Effective potential: weak non-Hermiticity (Heuristic)

Figure: Qn(z) for z € H (7, = 0.99).
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Effective potential: weak non-Hermiticity (Heuristic)

_ (Rez)? N (Im z)? B
- 1—7,

/ log |z — t|? dpsc(t).
R )

Figure: Qn(z) for z € H: zoomed.




Sketch of Proof

@ The partial j.p.d.f.

@ Mean-field approximation: Strong non-Hermiticity

@ Skew-orthogonal polynomial formalism: Weak non-Hermiticity



Products of characteristic polynomials of the GOE

Recall that the partial j.p.d.f.

¢
1
Poe(Myeeos Ami 21, . 020) = EPGOE(m)(G) H det(z; — G)det(Z; — G)
m, j=1 ’
_ _ n(z2+22) Vilz—z;|
X H |zj — zk|2|zj —Zi? H |zj — Zj|exp | — 2(11+T’) erfc ( Y=L ).
1<j<k<t j=1 ( ) ( v 2(1772))
=0y (2)
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Products of characteristic polynomials of the GOE

Recall that the partial j.p.d.f.

¢
1
Pt Ami 21, .20) = 5—PGor(m)(G) [[ det(z; — G)det(z; — G)
m, j=1 ’
— — n(Z-2+fg) n|lzi—z;
< I lz-2Plz -2l [l - zlew (- 53 ) erfe (V2224 ).
1<j<k<t j=1
Especially, it is known =8u(2)
¢
- 1 kn(Za,2p)  Kn(z zb)}
det(z; — G)det(z; — G = —Pf| " moa ,
<Jl:[1 ( ! ) ( ! )>GOE(m) Aw(z) |:I<:,,(Za,Zb) /fn(zavzb) 20% 20

Real eigenvalue of GinOE Aug., 2025



Products of characteristic polynomials of the GOE

Recall that the partial j.p.d.f.
1

Poe(Myeeos Ami 21, . 020) = > >—Pcog(m Hdet G)det(z; — G)
m,l
4
n(z24+2%) Vilzi—z%j]
X H |zj—zk| |zj—zk\ H\Zj—zj|exp (— 2(11+T’) )erfc(#).
1<j<k<t j=1 V2077
Especially, it is known =:Au(2)

L —
<Hdet(2j — G)det(z; — G)> — s [“"(Za’zb) Fin(Z2:2b)
j=1 GOE(m)

kn(Zas2b)  Kn(Za, Zb)} 2e><2£’

where k,(z, w) is the GOE skew-kernel

n/2 1

(2)92i(w) — 42(2) 2j1(w)
hj

kn(z, w)

@ BORODIN-STRAHOV ’06, Comm. Pure Appl. Math.
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Pfaffian formula

These give

L

Pn,m = Prun (E‘)Z/e Pf [H"(za’zb) tin(2a, Zb) Herfc(
H

AN Kn(Za; 2b) Kn(zaazb)} 20x20 jq
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Pfaffian formula

These give
¢

} Herfc( 1z -] ) d’z.
20x2/4 j=1 2(1-7)

o Pn,n (g)z/ Pf /i,,(za,zb) Iin(Za,?b)
Prm == \7 we |#%n(Za,26)  Kn(Za,Zb)
The summation formula for the GOE skew-kernel is
n/2—1

_ 2 3 92j+1(2) 92 (W) — q2j(2) qoj+1(w)
Jj=0 hj

1
kn(z,w) = e

%JChld(¢Aawqunwwuawwo

Ch_1 | dz zZ—w

)+w4nwﬁuw4,

where 1,(z) is the Hermite function and c,'s are explicit constants.

@ FORRESTER—NAGAO—HONNER ’99, Nuclear Phys. B., WIDOM ’99, J. Stat. Phys.,
ADLER-FORRESTER—NAGAO—VAN MOERBEKE '00 J. Stat. Phys.
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Asymptotic of the Pfaffian: weak non-Hermiticity

For general £ = O(1),

Pf K}n(Za,Zb) K/n(zaafb)

Z “ar Z1 (z,z;
/-i,,(Za,Zb) /Qn(Za,Zb):|2£><2£ " j

.::]N

j=1
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Asymptotic of the Pfaffian: weak non-Hermiticity

For general £ = O(1),

n(2},2)).

K}n(Za,Zb) K/n(zaafb)
Pf — 7
an(za7zb) /Qn(zavzb) 20x20

.::]N

J:
Thus, we have

L

Pn,n (2 5/ Kn(Zay2b)  Kn(za Zb):| s -
ot = ——| = Pf _7 7 erfc e d
Pn,n—2¢ 14 ( 1 ) ¢ |:/€,—,(Za, Zb) /{n(za’ Zb) 2Z><2£;-|;[1 r (’. /;2(1_7_)) z
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Asymptotic of the Pfaffian: weak non-Hermiticity

For general £ = O(1),

Thus, we have

Pn,n—2¢ =

~

Pn,n
£

Pnn

(

Pf |:f€n(za7 Zb)

2

!

an(za7 Zb)

.)E/ngf[::

H/nn zj,Z; erfc( ]

H/n(zaa Zb):|
Kn(Za:Zb) ] 50,00

(Zav Zb)
(287 Zb)

/fn(zaafb)
K/n(?aa Eb)

.::]N

j=1

L

:| 20x2/0 j=1

2
i\/2(1— T)) d %

Real eigenvalue of GinOE

n(2},2)).

H erfc (

Zj—2Zj

in/2(1—7)

) d27



Asymptotic of the Pfaffian: weak non-Hermiticity

For general £ = O(1),

n(2},2)).

K}n(Za,Zb) K/n(zaafb)
Pf — 7
an(za7zb) /Qn(zavzb) 20x20

.::]N

J:
Thus, we have

L

Pn,n (2 5/ Kn(Zay2b)  Kn(za Zb):| s -
ot = ——| = Pf _7 7 erfc e d
Pn,n—2¢ 14 ( 1 ) ¢ |:/€,—,(Za, Zb) /{n(za’ Zb) 2Z><2£;-|;[1 r (’. /;2(1_7_)) z

p"" H/ tn(Z),Z; erfc( \/Z;(fij)) d?z;

— m (pn,n72 )Z

Real eigenvalue of GinOE



APn,m
o [ 1 o)
‘)A\ :A ‘m
o(n O n

What we have done

Regime m = O(1) m=n— 0(1) m=n
Strong KPTTZ 16 AK’07 m=n-2 | ED 97, FN 08
nH. BMS ’25 (closed form)
Weak BMS 25 FN ’08
nH. (upper bound) (closed form)

@ Strong non-Hermiticity: 7 € [0,1): const.

® Weak non-Hermiticity: 7=1—

N}

o

o
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APn,m
o [ 1 o)
‘)A\ :A ‘m
o(n O n

What we have done

Regime m = O(1) m=n— 0(1) m=n
Strong KPTTZ 16 AK’07 m=n-2 | ED 97, FN 08
nH. BMS ’25 ABL’25 (closed form)

KR El
Weak BMS 25 ABL25 FN 08
nH. (upper bound) (closed form)

@ Strong non-Hermiticity: 7 € [0,1): const.

® Weak non-Hermiticity: 7=1—

N}

o

Real eigenvalue of GinOE
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Pn,m

A

O(v/n)

— >
owm | 1 |ovn

o(n O n

What we have done

Regime m = O(1) m=n— 0(1) m=n
Strong KPTTZ 16 AK’07 m=n-2 | ED 97, FN 08
nH. BMS ’25 ABL’25 (closed form)

KR El
Weak BMS 25 ABL25 FN 08
nH. (upper bound) (closed form)

Work in progress
@ Moderate deviation for N,,.

@ Strong non-Hermiticity: 7 € [0,1): const.

® Weak non-Hermiticity: 7=1—

N}

o

o

Real eigenvalue of GinOE

e with S.-S. Byun, J. Jalowy & G. Schehr.
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APn,m
O(v/n) What we have done
D —
< >
i Regime m = O(1) m=n— 0(1) m=n
I |
l l Strong| KPTTZ 16 | AK'07 w-n_» | ED 97, FN '08
| | nH. BMS ’25 ABL’25 (closed form)
| | —
oY O(v/ s s
! (¥/n) N (v/n) Weak BMS 25 ABL'25 FN ’08
| | nH. (upper bound) (closed form)
l l
| | Work in progress
| |
J ! \ ! @ Moderate deviation for N,,.
¢ - > e with S.-S. Byun, J. Jalowy & G. Schehr.
O(+/n) O(n) n

@ Strong non-Hermiticity: 7 € [0,1): const.

N}

o

@ Weak non-Hermiticity: 7 =1— <.

Real eigenvalue of GinOE

@ Fluctuation of N, for O(n)-product of GinOEs.
e with S.-S. Byun & K. Noda.
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Thank you for your attention!



