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Spectral Analysis of Gaussian
Unitary Ensemble



Gaussian Unitary Ensemble

Gaussian unitary ensemble
H= (hjk)j'\,]kzl
where
S + e
he=hg =y 2
& j=k
with

gjki’?jk NN(O, I/N), i.i.d.
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Gaussian Unitary Ensemble

Gaussian unitary ensemble

H = (hji)}a

where
hjk = h’_kj = \/E

& j=k

with N =160

e

§jk’ Njk ~ N(O,1/N), iid. Wigner Semi-Circle Law
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Gaussian Unitary Ensemble

Gaussian unitary ensemble

H = (B}t

i+ injic
hje=hej =1 V2
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Wigner’s Semi-Circle Law and Spectral Moments

m Wigner’s Semi-Circle Law (Wigner ’55)

N

1 V4 — x2

N Z 5xj/W = dpg(x) 1= Tl[—z,z](x) dx
j=1
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Wigner’s Semi-Circle Law and Spectral Moments

m Wigner’s Semi-Circle Law (Wigner ’55)

N

1 V4 — x2

N Z 5xj/W = dpg(x) 1= Tl[—z,z](x) dx
j=1

m Moments and Catalan Number

2
1 (2p
X% dpg.(x) = G, 2=—< )
/_2 PP p+1\p

m Spectral Moment of GUE

Mg = ] = [ 3]
j=1

m Large-N Asymptotic of Spectral Moments

1 :
s GUE _
N N Mz = Cp
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Spectral Moments of GUE

B Wick’s Formula & Non-crossing Pairing

~ 1 .,cuE _
Jim T Mg = Cp
1 2 3 4 5 6 1 2 3 4 5 6

{\5././—\.\ T

3 4 ) 6 1 2 3] 4 5 6

V=N

1 2 3 4 5 6

Figure 1: Non-crossing pairingson2p = 6
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Harer-Zagier Formula and Genus Expansion

m Harer-Zagier Formula for the GUE
(p+DMYSY = (4p—2NMJ5, + (p— D(2p — D(2p — 3IMy 5,4

Harer-Zagier, The Euler characteristic of the moduli space of curves, Invent. Math. 85 (1986), 457-485.
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Harer-Zagier Formula and Genus Expansion

m Harer-Zagier Formula for the GUE
(p+DMYSY = (4p—2NMJ5, + (p— D(2p — D(2p — 3IMy 5,4

Harer-Zagier, The Euler characteristic of the moduli space of curves, Invent. Math. 85 (1986), 457-485.

m Genus Expansion
p/2]
MRSF = 3 o(g; p)NPH-2
g=0
c(g; p): # of pairings of edges of 2p-gon, the resulting identification yielding a compact
Riemann surface of genus g

Yeong-Gwang Jung (Seoul National University) 6



Harer-Zagier Formula and Genus Expansion

m Harer-Zagier Formula for the GUE
(p+DMYSY = (4p—2NMJ5, + (p— D(2p — D(2p — 3IMy 5,4

Harer-Zagier, The Euler characteristic of the moduli space of curves, Invent. Math. 85 (1986), 457-485.

m Genus Expansion
p/2]
MRSF = 3 o(g; p)NPH-2
g=0
c(g; p): # of pairings of edges of 2p-gon, the resulting identification yielding a compact
Riemann surface of genus g

m Example: Forp =2,

My = #{ 5 }N3 + #{ }N3‘2

=2N3+N
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Integrable Structure of GUE

m Joint PDF of Eigenvalues

N
] 1 2 —L-7
PRVE(x) = ZGUE [T l-—xl[ez"
N 1<j<k<N 1=1

=g
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Integrable Structure of GUE

m Joint PDF of Eigenvalues

N
] 1 2 —L-7
PRVE(x) = ZGUE [T l-—xl[ez"
N 1<j<k<N 1=1

m 1-Point Function

FE ) = Nf PRUP(X, x5, -+, xn) dX; -+ dxy
RN-1

=g
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Integrable Structure of GUE

m Joint PDF of Eigenvalues

N
] 1 2 —L-7
PRVE(x) = ZGUE [T l-—xl[ez"
N 1<j<k<N 1=1

m 1-Point Function

FE ) = Nf PRUP(X, x5, -+, xn) dX; -+ dxy
RN-1

m Spectral Moment

MgoF :fxppﬁlm(x)dx
R

=g
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Spectral Moment and Hermite Polynomials

m Hermite Polynomial
1y

1 —
LHen(x)Hem(x)Ee 27 dx = nld, ,
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Spectral Moment and Hermite Polynomials

m Hermite Polynomial

i1 =3
/ Hep (x)Hep (x)——¢~ 2% dx = nld,
R \ 27
m Orthogonal Polynomial Representation
. , N-

5 =5 1
Pf}UE(X) \/—— 2* Z;)J— e_,'(x)2
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Spectral Moment and Hermite Polynomials

m Hermite Polynomial

1
/ Hep () Hem(x) e 2% dx = nl6y
R \2n

m Orthogonal Polynomial Representation

GUE e~3% 'S 1
PNUE(x) = —=e 2" Z —He;(x)?
Var =

B Hermite Integral

/Rxpx/i_e 2 Z]—He](x)zdx_(2p—1)”2<{><ll)>21

27

Yeong-Gwang Jung (Seoul National University) 8



Spectral Moment and Hermite Polynomials

m Hermite Polynomial

1
/ Hep () Hem(x) e 2% dx = nl6y
R \2n

m Orthogonal Polynomial Representation
. , N-

: -1 1
PR E(x) = \/—— 2" Z;)J— ej(x)?

B Hermite Integral

/Rxpx/i_e 2 Z]_He](x)de_(Zp_l)ruz;({)(?)zl

27

m Positive Sum Formula for Spectral Moments
MGUE _ (OUE)(x)dx— (2p—1)”2 N \(p ol
N.2p R I+1/\1
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Development and Applications of Spetral Moments

B Spectral Moments of Various Ensembles

o Orthogonal Polynomial Ensemble
Cunden-Mezzadri-O’Connell-Simm ’19, Gisonni-Grava-Ruzza’ 21
o Non-Hermitian Random Matrices
Forrester-Rains '09, Sommers-Khoruzhenko '09, Byun-Forrester '24, Byun '24, Akemann-Byun-Oh ’25
o High-dimensional Fermi Gas
Forrester 21
o Discrete Ensembles
Morozov-Popolitov-Shakirov ’20, Forrester-Li-Shen-Yu 23, Byun-Forrester-Oh 24
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m Applications
o Deviation Inequality for Extreme Eigenvalues
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o Finite-size Correction
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g-Deformed Gaussian Unitary
Ensemble



q-Deformation

B g-Analogues: Forq € (0,1),

n

n-1 _ 1-¢q
1-q

[n]lg :=1+q+q*+-+q
q
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q-Deformation

B g-Analogues: Forq € (0,1),

[nly i=1+q+¢+ - +q" ' =

[nlg! i=[n]g X [n—1]g X - X 1]

n o [n]q!
m| " [mlglln — m]y!
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q-Deformation

B g-Analogues: Forq € (0,1),

n

n-1 _ 1-¢q
1-q

[n]lg :=1+q+q*+-+q
q

[nlg! i=[n]g X [n—1]g X - X 1]
n o [n]q!
m| " [mlglln — m]y!

m g-Pochhammer Symbol

n—1

(@qQn =[]0 -ag)) =1 -a)1 -aq) - (1 —aq"™?)
=0

[~
(@, a5 Do = [ [A —a1) -+ (1~ axq!)
j=0
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q-Deformation

B g-Analogues: Forq € (0,1),

o no1_ 1—¢"
[nly i=1+q+¢+ - +q" ' = T—q
[nlg! i=[n]g X [n—1]g X - X 1]
n o [n]q!
m| " [mlglln — m]y!
m g-Pochhammer Symbol
n—1
(@ @y = [[A—ag)) =0 -a)1 -aq)-- (1 —ag"™)
j=0
(a1, 05 Qoo 2= [ [(1 = a19) - (1 — arq!)
j=0

m Jackson g-Integral

o ) B B a
f f@)dgx =1 -q) Y ag*f(aq, f FGe) dgx = f FO)dgx— f FO)dgx
0 k=0 (o4 0 0
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Discrete g-Hermite Polynomial

® Hermite Polynomial Revisited
Hepy1(x) = xHep(x) — nHe,_; (x)

with orthogonality

1
/ Hen(x)Hepm(x)——e 2% dx = nlé, m
R \ 27
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Discrete g-Hermite Polynomial

® Hermite Polynomial Revisited
Hepy1(x) = xHep(x) — nHe,_; (x)

with orthogonality

1
/ Hen(x)Hepm(x)——e 2% dx = nlé, m
R \ 27

m Discrete g-Hermite Polynomial
Hy41(x;9) = xHp(x;9) — ¢ (1 — ¢ Hyp1(%: Q)

with orthogonality

n(n-1)
/ H,,(x; OH,p (x; q)% dgx =1 -G Dnd > Sum
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Discrete g-Hermite Polynomial

® Hermite Polynomial Revisited
Hepy1(x) = xHep(x) — nHe,_; (x)

with orthogonality

1
/ Hen(x)Hepm(x)——e 2% dx = nlé, m
R \ 27

m Discrete g-Hermite Polynomial
Hy41(x;9) = xHp(x;9) — ¢ (1 — ¢ Hyp1(%: Q)

with orthogonality

n(n-1)
/ H,,(x; OH,p (x; q)% dgx =1 -G Dnd > Sum

cf. Continuum Limit

n
liHll (1 -q) " 2H,(\/1-qx;q) = He,(x)
o
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g-Deformed GUE

m Joint PDF of the GUE Revisited

N

R 1 2 _1l,2

PREC) = eom [ by—xdTe"
N 1<j<k<N 1=1
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g-Deformed GUE

m Joint PDF of the GUE Revisited

R 1 =&
PI(GUL(X): 7GUE H _xk| He Zx
N

1<j<k<N

m 1-Point Function of the GUE Revisted

PSUE(x) = ——e7 NZ
Vor i=o

&.IH

He; (x)?
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He; (x)?

&.IH

m Joint PDF of the g-Deformed GUE

N
) 1 2 X7, —qXxj;
U:D?VGUF(X) — H |xj _ xk| H (q 1, —qX] q)oo

ZK,GUE 1<j<k<N 1=1 (q’_l’_q; q)oo

supported on the g-lattice 720

Yeong-Gwang Jung (Seoul National University) 12



g-Deformed GUE

m Joint PDF of the GUE Revisited

R 1 =&
PI(GUL(X): 7GUE H _xk| He Zx
N

1<j<k<N

m 1-Point Function of the GUE Revisted

PSUE(x) = ——e7 NZ
Vor i=o

He; (x)?

&.IH

m Joint PDF of the g-Deformed GUE

U:D?V-GUE(X) — 1 H =X | H (qxl’ qxi; q)oo

ZISVE | ieken @ -1L-¢ Qo

supported on the g-lattice 720

m 1-Point Function of the g-deformed GUE

) N-1
qGUP (x q) 1 (qX, —qx; q)eo

o 2
o Hi(sa)
2

T (b0 = @
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Spectral Moments of the g-Deformed GUE

m Spectral Moments of the GUE Revisited

MSUE = [ x25GUE(x) dx = (2p — ! (N \(p 5l
Nap = PN PG dx=@p DU X )]
R

1=0
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Spectral Moments of the g-Deformed GUE

m Spectral Moments of the GUE Revisited

MSUE = [ x25GUE(x) dx = (2p — ! (N \(p 5l
Nap = PN PG dx=@p DU X )]
R

1=0
B Spectral Moments of the g-Deformed GUE (Byun-Forrester-Oh ’24)
1
MﬁigE _ / xzpp?VGUE(x; Q) dgx
-1

N-1p e [ ; [2p].1

=] E 2 (-D@p-D+=—==1J 2p q
=(1-— q 14 q 2 e T
( ) Jj=0 1=0 [l]q [2[ ZI]QI![l]q!
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Spectral Moments of the g-Deformed GUE

m Spectral Moments of the GUE Revisited

P
al D T, N
ng% _ / xzppg,’uh(x) dx=(2p-1! Z (l I 1)(?)21
R

1=0
B Spectral Moments of the g-Deformed GUE (Byun-Forrester-Oh ’24)
1
Ml‘f’ng :/ xzpp?VGUE(x;q)dqx
-1
N-1p -1 [ ; [2p],!
—D(2p-n+ 1Y i
=(1—-qp 3 X qF M 2 —21]qﬁ[1] 1
Jj=01=0 qoP q-ltlg:

cf. Alternating Sum Formula (based on the Schur polynomial average)

Forrester-Li-Shen-Yu, g-Pearson pair and moments in g-deformed ensembles, Ramanujan J. 60 (2023), 195-235.
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Spectral Moments of the g-Deformed GUE

m Spectral Moments of the GUE Revisited

P
al D T, N
ng% _ / xzppg,’uh(x) dx=(2p-1! Z (l I 1)(?)21
R

1=0
B Spectral Moments of the g-Deformed GUE (Byun-Forrester-Oh ’24)
1
Mﬁf’ng _ / xzpp?VGUE(x; Q) dgx
-1

N-1p e [ ; [2p].1

=] E 2 (-D@p-D+=—==1J 2p q
=(1-— q 14 q 2 e T
( ) Jj=0 1=0 [l]q [2[ 2”‘1”[”‘1!

cf. Alternating Sum Formula (based on the Schur polynomial average)

Forrester-Li-Shen-Yu, g-Pearson pair and moments in g-deformed ensembles, Ramanujan J. 60 (2023), 195-235.
cf. Continuum Limit

lim (1 - ) PMR5, " = MG5)°
q-1 Z Z
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Genus-Type Expansion of the g-Deformed GUE

m Genus Expansion Revisited
1 \/GUE _ .. S 1
WMN,ZP =¢(0; p)N + c(1; p)N + O(N3 )
with ¢(0; p) = G,
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Genus-Type Expansion of the g-Deformed GUE

m Genus Expansion Revisited

1 5 1 1
—Mf&,g; =¢(0; p)N + c(1; p)ﬁ + O(m)

with ¢(0; p) = G,
m Double Scaling
2
g=e N, A1>0
Forrester, Global and local scaling limits for the 8 = 2 Stieltjes-Wigert random matrix ensemble, Random Matrices
Theory Appl. 11 (2022), 2250020.

Husson-Mazzuca-Occelli, Discrete and Continuous Muttalib-Borodin process: Large deviations and Riemann-Hilbert

analysis, arXiv: 2025.23164
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Genus-Type Expansion of the g-Deformed GUE

m Genus Expansion Revisited
1 \/GUE _ .. .y 1
Nap = (0 p)N +c(1; p)ﬁ + O(N3 )

with ¢(0; p) = G,
m Double Scaling
2
g=e N, A1>0
Forrester, Global and local scaling limits for the 8 = 2 Stieltjes-Wigert random matrix ensemble, Random Matrices
Theory Appl. 11 (2022), 2250020.

Husson-Mazzuca-Occelli, Discrete and Continuous Muttalib-Borodin process: Large deviations and Riemann-Hilbert

analysis, arXiv: 2025.23164

B Genus-Type Expansion of the g-Deformed GUE (Byun-Forrester-Oh ’24)

pAfAGUE _ o -qGUE qGUE 1 i)
QPMyop =My N+M,) N + O(N3
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Genus-Type Expansion of the g-Deformed GUE

m Genus Expansion Revisited

1 . GUE _ (0. L 1
NoMN.ap = c(0; p)N+c(1,p)N +O(N3)

with ¢(0; p) = G,
m Double Scaling
q= ef%, A>0
Forrester, Global and local scaling limits for the 8 = 2 Stieltjes-Wigert random matrix ensemble, Random Matrices
Theory Appl. 11 (2022), 2250020.

Husson-Mazzuca-Occelli, Discrete and Continuous Muttalib-Borodin process: Large deviations and Riemann-Hilbert

analysis, arXiv: 2025.23164

B Genus-Type Expansion of the g-Deformed GUE (Byun-Forrester-Oh ’24)
GUE GUE cue 1
quI(\ll',Zp = ;p,o N+ M;p 1 + O( )

Cf. Continuum Limit

llm e ¥T M;ISUE =G
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Limiting Density of the g-Deformed GUE

m Wigner’s Semi-Circle Law Revisited

L

VN

N
PN(\/NX) dx = dug. = Txl[fz,zl(x) dx
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m Wigner’s Semi-Circle Law Revisited
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VN

N
PN(\/NX) dx = dug. = Txl[fz,zl(x) dx

m Limiting Density of the g-Deformed GUE (Byun-Forrester-Oh ’24)
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Limiting Density of the g-Deformed GUE

m Wigner’s Semi-Circle Law Revisited

L

VN

N
PN(\/NX) dx = dug. = Txl[fz,zl(x) dx

m Limiting Density of the g-Deformed GUE (Byun-Forrester-Oh ’24)

zlvp}‘f“‘%x; q) dx = 96U (x) dx
q=e-AIN
(@)1 < A, (b)A =2, ()1 > A

cf. g-deformed Wigner’s Semi-circle Law (1 — 0)
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Askey Scheme
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Askey Scheme

g¢-Racah

Dual g-Hahn

Continuous

Continuous
g-Hahn

N

dual g-Hahn

AN

AN
N

~ r .
AN
\ . \
g-Meixner | [ Continuous Big Litle Quantum Affine Dual
~ - g-Meixner g-Krawtchouk
Chihara POl g-Jacobi g-Laguerre g-Jacobi g-Krawtchouk g-Krawtchouk | |g-Krawtchouk
. 7 - < — :
\ / / >
/ / ) N
g / — - ~ < S
/ Z
A / N N
N NN /o ~ N/ =
Continuous Continuous Little Al-Salam Al-Salam
g-Laguerre g-Bessel g-Charlier - .
g-Laguerre Carlitz Carlitz 1T

big g-Hermite | | g-Laguerre

7

\./
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Askey Scheme

g-Racah

Continuous Continuous
Dual g-Hahn

dual g-Hahn g-Hahn

A AN AN
g AN
e . \\
g-Meixner | [ Continuous Big Little Quantum Affine Dual
X _ g-Meixner g-Krawtchouk
Chihara Pollaczek gacobi || g-Laguerre || g-Jacobi g-Krawichouk g-Krawichouk| |g-Krawtchouk
\ N\ / z ) N g
\ /
/ e S
\ 7 ~ ’ >
A NN/ L /- N~ N
Continuous | [ Continuous Little Al-Salam Al-Salam
g-Laguerre g-Bessel _ _
big g-Hermite || g-Laguerre || g-Laguerre Carlitz 1 Carlitz 11
— s - /
/ - : /

\ - - - /

N/ A £ /

Continuous Stieltjes Discrete Discrete
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g-Al-Salam-Carlitz Unitary
Ensemble




Al-Salam-Carlitz Polynomial

m Discrete g-Hermite Polynomial Revisited
Hy41(x;9) = xHp(x;9) — ¢ (1 — ¢ Hyp1 (% Q)

with orthogonality

n(n-1)
/ H,,(x; OH,p (x; q)% dgx =1 =G Dud > Sum
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Al-Salam-Carlitz Polynomial

m Discrete g-Hermite Polynomial Revisited
Hy1(%:q) = XHy(x;q) — q" (1 = ¢")Hp 1 (x: q)
with orthogonality

(qx —4%; Qoo 1)

f H, (x5 @)H,p(x; q)( e dgx =1 =G Dnq > Sum

m Al-Salam-Carlitz Polynomial Fora < 0,
U (5 9) = (x = (a + g U (x5 9) + ag" (1 - ¢OUD (x5 9)

with orthogonality

1
(@) (@) (gx, qx/a; @) n n(n-1)
Un" (6 QU (@7 —— <2 dgx = (-a)"A—q)q 2 §
l W05 QU (5 @) g ot Tl dox = (0" =g 7 B
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Hy1(%:q) = XHy(x;q) — q" (1 = ¢")Hp 1 (x: q)

with orthogonality

n(n-1)
/ H,,(x; OH,p (x; q)% dgx =1 =G Dud > Sum

m Al-Salam-Carlitz Polynomial Fora < 0,
U (5 9) = (x = (a + g U (x5 9) + ag" (1 - ¢OUD (x5 9)

with orthogonality

1
(@) (@) (gx, qx/a; @) n n(n-1)
Un" (6 QU (@7 —— <2 dgx = (-a)"A—q)q 2 §
l W05 QU (5 @) g ot Tl dox = (0" =g 7 B

of. Hy(x:q) = Uy P(x:q)

Yeong-Gwang Jung (Seoul National University) 17



Al-Salam-Carlitz Polynomial

m Al-Salam-Carlitz Polynomial Fora < 0,
U (69 = (- @+ DgHUP (5 9) + ag™' (1 - ¢HUG (x:9)

with orthogonality

1
@ @, (% qx/a; Q) _ z=D
/a Un (6 QUm” (x; q)m dgx=(-a)"A-qQq 2 opm
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Al-Salam-Carlitz Polynomial

m Al-Salam-Carlitz Polynomial Fora < 0,
U (69 = (- @+ DgHUP (5 9) + ag™' (1 - ¢HUG (x:9)

with orthogonality

1
@ @, (% qx/a; Q) _ z=D
/a Un (6 QUm” (x; q)m dgx=(-a)"A-qQq 2 opm

m Continuum Limits
o Hermite polynomial

(@) .
iHn(x —r)=lim M
2 ait (1— P2

xXy/1-q2 a1/ 1-q2 -1
o Charlier polynomial

(a)
. Un(x;q)
n . —
a Cn(x,a)—léﬂl a—qr

xq* ama(g—1)

Yeong-Gwang Jung (Seoul National University) 18



Al-Salam-Carlitz Unitary Ensemble

m 1-Point Function of the g-deformed GUE Revisited

UE 1 (qx’ qx; q)ao
I ?\J(J (;Cs Q) - 1 ( 1 )
J (q9 q)]q

L2
7 Hi(xs )
2

supported on the g-lattice %20

Yeong-Gwang Jung (Seoul National University) 19



Al-Salam-Carlitz Unitary Ensemble

m 1-Point Function of the g-deformed GUE Revisited

1 (g% =% Qe
GUE , —qXx;
PN (6= T e o _q.q)‘” o Hi(s @)’
R e (¢ ) T
supported on the g-lattice %20
m 1-Point Function of the Al-Salam-Carlitz UE
N-1
1 X, qx/a; 1
PP q) 1= - @0 e/E D —UP(x;q?

2

1=4@aa/as i _oyiigq)q
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Al-Salam-Carlitz Unitary Ensemble

m 1-Point Function of the g-deformed GUE Revisited

1 (g% =% Qe
GUE , —qXx;
PN (6= T e o _q.q)‘” o Hi(s @)’
R e (¢ ) T
supported on the g-lattice %20
m 1-Point Function of the Al-Salam-Carlitz UE
N-1
1 X, qx/a; 1
PP q) 1= - @0 e/E D —UP(x;q?

2

1=4@aa/as i _oyiigq)q

supported on the g-lattice %20 U ag?°

m Spectral Moment of the Al-Salam-Carlitz UE

1
MI(\‘,I,‘S) :/ xppg\‘,l)(x;q)dqx
a

Yeong-Gwang Jung (Seoul National University) 19



Spectral Moments of Al-Salam-Carlitz UE

Theorem 1 (Byun-J.-Oh ’25)

Forany p, N eNanda <0,

N-1|p/2] (—a)k(1 — ) k l(p

(a,q)
My p JZ;),;) (a+1)%*-p & [p—2l]q!![l]q!

=Lp= zk)qj(pfl)[{]
q

where
[2j; +1—2],!

e Ci+ =111

0<j1<j2< < je<b I=1
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Spectral Moments of Al-Salam-Carlitz UE

Theorem 1 (Byun-J.-Oh ’25)

Forany p, N eNanda <0,

N-1|p/2] (—a)k(1 — ) k l(p

(a,q)
My p JZ;”(ZO (a+1)%*-p & [p—2l]q!![l]q!

=Lp= zk)qj(pfl)[{]
q

where
[2j; +1—2],!

e Ci+ =111

0<j1<j2<-<je<b I=1

m Alternating Sum Formula (based on the MacDonald polynomial and superintegrability identity)
Byun-Forrester, On the superintegrability of the Gaussian {3 ensemble and its (q, t) generalisation, arXiv:2505.12927.

m Symmetry of Spectral Moment

Wagq) _ 1, (aq)
My,,™ = EMN,p
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Spectral Moments of Al-Salam-Carlitz UE

Theorem 1 (Byun-J.-Oh ’25)

Forany p, N eNanda <0,

N-1|p/2] (—a)k(1 — ) k l(p

(a,q)
My p JZ;”(ZO (a+1)%*-p & [p—2l]q!![l]q!

=Lp= zk)qj(pfl)[{]
q

where
[2j; +1—2],!

e Ci+ =111

0<j1<j2<-<je<b I=1

m Examples
MgP =N

1— N
My = (a+ D)7 =

Moo - 1=4" (@ + g+ V(@ + a1 + 2 + ¢ + ag)))
N2 q(-qp
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Spectral Moments of Al-Salam-Carlitz UE

Theorem 1 (Byun-J.-Oh ’25)

Forany p, N eNanda <0,

N-1|p/2] (—a)k(1 — ) k l(p

(a,q)
My p JZ;”(ZO (a+1)%*-p & [p—2l]q!![l]q!

=Lp= zk)qj(pfl)[{]
q

where
[2j; +1—2],!

e Ci+ =111

0<j1<j2<-<je<b I=1

m Al-Salam-Carlitz Integral

p (8% 9X/ @ oo 1 2
f xP (@..9/a: Q) (—a)i(q; q);q10—DP2 J D(x; q)* dgx

Yeong-Gwang Jung (Seoul National University) 20



Combinatorics of Orthogonal Polynomials

B Three-Term Recurrence of Orthogonal Polynomials

P}‘Hrl(x) =(x— bn)El(x) - AnEkl(x)
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Combinatorics of Orthogonal Polynomials

B Three-Term Recurrence of Orthogonal Polynomials
P}‘Hrl(x) = (x - bn)B'l(x) - AnR/kl(x)

m Motzkin Path

m Flajolet-Viennot Theory

()2
/RxPPJ;X) w(x)dx = Z wt(T)

J T:(0.)=(.J)

cf. Spectral Moment as a Partition Function
Bryc-Kuznetsov-Wesolowski, Limits of random Motzkin paths with KPZ related asymptotics, Int. Math. Res. Not. 2025
(2025), 1-33.
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Combinatorics of Orthogonal Polynomials

B Three-Term Recurrence of Orthogonal Polynomials
P}‘Hrl(x) = (x - bn)B'l(x) - AnR/kl(x)

m Motzkin Path

m Flajolet-Viennot Theory

()2
/RxPPJ;X) w(x)dx = Z wt(T)

J T:(0.)=(.J)

cf. Evaluation from Combinatorics for j = 0

Corteel-Jonnadula-Keating-Kim, Lecture hall graphs and the Askey scheme, arXiv:2311.12761.

Yeong-Gwang Jung (Seoul National University) 21



Matching Problem
m Matching

Yeong-Gwang Jung (Seoul National University) 22



Matching Problem
m Matching

m Statistics of Matching
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Matching Problem
m Matching

m Statistics of Matching

Crossings
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Matching Problem
m Matching

m Statistics of Matching

Crossings Nestings
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Matching Problem

m Matching

-

m Statistics of Matching

Crossings Nestings

m Al-Salam-Carlitz History

Yeong-Gwang Jung (Seoul National University) 22



Double Counting

m Example: T : (0,3) — (6,3)

Yeong-Gwang Jung (Seoul National University) 23
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Double Counting

m Example: T : (0,3) — (6,3)

2 TN

Lemma (Byun-J.-Oh ’25)

Wt(r) = Z q#CrOSSing(M)+2#Nesting(M)
M

where the sum runs over matchings corresponded to all Al-Salam-Carlitz historieson T.

Yeong-Gwang Jung (Seoul National University) 23



Spectral Moments of Al-Salam-Carlitz UE

m Al-Salam-Carlitz Integral (Byun-J.-Oh ’25)

p (4%, 4X/4 Qo 1 e
/ (9.a,q/a: Q) (—a)i(q; q)qu Ui (5@)* dgx

k l(p

p/2 k k q
(—o)*(1—q) lq! B i 4)[]]
=2 @roEe % [p—zl]qum k= bp=20a00 |

Yeong-Gwang Jung (Seoul National University) 24



Spectral Moments of Al-Salam-Carlitz UE

m Al-Salam-Carlitz Integral (Byun-J.-Oh ’25)

/ p (A%, 9x/a; Qoo 1 U@
(@.a,9/a; 9 (—a)i(q; q)jq](J 1)/2 J

(x;q)* dgx

p/2 k k k l(p—l)+7 .
(—a)*(1 —q) 2 [plg! io-n|J
= kzo @r P & [p—Zl]q!![l]q! H(k = 1. p = 2k)g P21

q

Theorem 1 (Byun-J.-Oh ’25)

Forany p, N e Nanda <0,
e _ " Capra — gk & TS [y
aq) _ - - q!

Myp =2 2, L

i (a+ 12k=p & [p =2l [1]g!

Hk — 1, p — 2k)qﬂp—l>m
q

where
[2j; +1—

wboi= 3T ] m

0<j1<ja< < je<h I=1

Yeong-Gwang Jung (Seoul National University) 24



Large N-expansion of Spetral Moments

Theorem 2 (Byun-J.-Oh ’25)

With g = eN (1 > 0),as N — oo,

»
q%MI(\?,’g) = bl 3)
where
1 o2l
—1-1)
Moo =3 2 (s 07 2af Fo o a1,

Yeong-Gwang Jung (Seoul National University) 25



Large N-expansion of Spetral Moments

Theorem 2 (Byun-J.-Oh ’25)

With g = eN (1 > 0),as N — oo,

»
q%MI(\?,’g) = bl 3)
where
1 o2l
—1-1)
Moo =3 2 (s 07 2af Fo o a1,

m Continuum Limit

1 p72]
p—21
A8 o Mool sz = Z (zz)’ G

cf. U,(,a)(x) — H,(x — r) with proper scaling

Yeong-Gwang Jung (Seoul National University) 25



Limiting Spectral Density

Theorem 3 (Byun-J.-Oh ’25)

With g = eN (1 > 0),as N — oo,

PP (0)—p@(x)
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Limiting Spectral Density

Theorem 3 (Byun-J.-Oh ’25)

With g = eN (1 > 0),as N — oo,

PP (0)—p@(x)

(symmetry) p(©(x) = — = /) (x/a)
(Support of o) For -1 < a < 0,
(U=v,u+v) ifde 018,
supp(@@(x) ={(u-v,1)  ifae @28,
(a,1) if1 € (A%, ).

u=ud) ;=1 +a)e 4, v=v(l) :=2¢/—a(l —e*)e4

where

Yeong-Gwang Jung (Seoul National University) 26



Limiting Spectral Density

Theorem 3 (Byun-J.-Oh ’25)

With g = eN (1 > 0),as N — oo,

PP (0)—p@(x)

(Density)

2 1—xg—Xx; 1—e 4 —xg+x
@(x) = —2_ arct 0~ X1 0ot X1, x
pY(x) =] arctan T—xo + %1 %o+ % — 1+ €2 (u=vuv) (X)

0 if1 € (0,48,

1 . 1,a) ,(2.0)
e m 1(u+\,’1)(x) ifle (lc “ ,/15 a. ),

1 ] ’
] Lgu-vyuu)(x) ifA1E &Y, o0).

where
_d®+1-x(a+1) _V4ax—a)(x-1)
Xo = W’ %S W‘

Yeong-Gwang Jung (Seoul National University) 26



Limiting Spectral Density

0 1,a) (2,a) A
c c
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Limiting Spectral Density

0 1,a) (2,a) A
c c

m Continuum Limit

q (@) = -
%141)% \/ZP . (\/IX)|a:—1+r\/i #sc(x V)

Yeong-Gwang Jung (Seoul National University) 27



Limiting Zero Distribution and
Limiting Density




Limiting Zero Distribution and Limiting Density

m Limiting Zero Distribution

1
WB) = 5 Y By, = i

n
Jj=

=N

where x 1, -++, Xy are zeros of Py.
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Limiting Zero Distribution and Li

m Limiting Zero Distribution

where x 1, -++, Xy are zeros of Py.
cf. Viewpoint from Finite Free Probability
(Arizmendi-Fujie-Perales-Ueda 24, Jalowy-Kabluchko-Marynych '25)
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Limiting Zero Distribution and Limiting Density

m Limiting Zero Distribution

1
B 1= a
J

5xNyj = u

n

=N

where x 1, -++, Xy are zeros of Py.
cf. Viewpoint from Finite Free Probability
(Arizmendi-Fujie-Perales-Ueda 24, Jalowy-Kabluchko-Marynych '25)

m Limiting Zero Distribution of Hermite Polynomial

v(He,(Vnx)) = g
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Limiting Zero Distribution and Limiting Density

m Limiting Zero Distribution

1
WB) = 5 Y By, = i

n
Jj=

=N

where x 1, -++, Xy are zeros of Py.
cf. Viewpoint from Finite Free Probability
(Arizmendi-Fujie-Perales-Ueda 24, Jalowy-Kabluchko-Marynych '25)

m Limiting Zero Distribution of Hermite Polynomial

v(He,(Vnx)) = g

B Limiting Zero Distribution of Al-Salam-Carlitz Polynomial (Byun-J.-Oh ’25)

W) | =@

q=e

Yeong-Gwang Jung (Seoul National University) 28



Limiting Zero Distribution of Orthonormal Polynomials

m Arcsine Measure

1 .
d“’[;«ﬁl(t) _ e T ift € (o, B)
‘ 0 otherwise

Yeong-Gwang Jung (Seoul National University) 29



Limiting Zero Distribution of Orthonormal Polynomials

m Arcsine Measure

1 .
dw[:ﬁ](t) _ e T ift € (o, B)
t
0

otherwise

m Three-Term Recurrence of Orthonormal Polynomials

XByN(X) = Qi1 NBupiN(X) + by N By N (X) + @ N By N (X)
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Limiting Zero Distribution of Orthonormal Polynomials

m Arcsine Measure

1 .
dw[:ﬁ](t) _ e T ift € (o, B)
t
0

otherwise

m Three-Term Recurrence of Orthonormal Polynomials

XByN(X) = Qi1 NBupiN(X) + by N By N (X) + @ N By N (X)

Theorem (Kuijlaars-Van Assche ’99)

t
———lfco ds

n [a(s),8()]

ﬁ_’/l 2 5 a(s),B(s

li B
Jim v(B, N)

where

(X(A) = r}i_)ngo(bn,N - 2an,N) A’ 5(1) = '}i_)ngo(bn,N + 2an,N)

n n
— = — =1
N N

Yeong-Gwang Jung (Seoul National University) 29



Limiting Zero Distribution of g-Orthonormal Polynomials

m Arcsine Measure

1 .
d“’[;«ﬁl(t) _ e T ift € (o, B)
‘ 0 otherwise
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Limiting Zero Distribution of g-Orthonormal Polynomials

m Arcsine Measure

1 .
dw[:ﬁ](t) _ e T ift € (o, B)
t
0

otherwise

B Three-Term Recurrence of g-Orthonormal Polynomials

XBi(%; Q) = g1 Bus1 (65.9) + buBy(X5 Q) + @By (x5 9)
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Limiting Zero Distribution of g-Orthonormal Polynomials

m Arcsine Measure

ift € (a,pB)

1
Lhea® _}oB =0~
t
0

otherwise

B Three-Term Recurrence of g-Orthonormal Polynomials

XBi(%; Q) = g1 Bus1 (65.9) + buBy(X5 Q) + @By (x5 9)

Theorem (Kuijlaars-Van Assche ’99)

1

t
lim v(B)| a4 =7 f Dla()6()] 45
" 0

where
a(d) = lim (by —2a,)| 2, BA)=lim (b, +2a,)| _a
h—o0 q=e n n—oo gq=e" n

Yeong-Gwang Jung (Seoul National University) 30



Limiting Spectral Density and Zero Distribution

Discrete Unitary Invariant Ensemble

g-Orthogonal Polynomial

l d
Spectral Moment j [ Empirical Zero Distribution
{ d

Limiting Spectral Density j — [ Limiting Zero Distribution

Yeong-Gwang Jung (Seoul National University)
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Future Directions

B Spectral Analysis of g-deformed LUE

Forrester-Li-Shen-Yu, g-Pearson pair and moments in qg-deformed ensembles, Ramanujan J. 60 (2023), 195-235.

B Spectral Moment Formula for g-deformed GO/SE
Li-Shen-Yu-Forrester, Discrete orthogonal ensemble on the exponential lattices, Adv. Appl. Math. 164 (2025), 102836.
Forrester-Li, Classical discrete symplectic ensembles on the linear and exponential lattice: skew orthogonal

polynomials and correlation functions, Trans. Amer. Math. Soc. 373 (2020), 665-698.

m Asymptotic Behaviour of g-Hermite Polynomial and Local Statistics

Yeong-Gwang Jung (Seoul National University) 32



Future Directions

B Spectral Analysis of g-deformed LUE

Forrester-Li-Shen-Yu, g-Pearson pair and moments in qg-deformed ensembles, Ramanujan J. 60 (2023), 195-235.

B Spectral Moment Formula for g-deformed GO/SE
Li-Shen-Yu-Forrester, Discrete orthogonal ensemble on the exponential lattices, Adv. Appl. Math. 164 (2025), 102836.
Forrester-Li, Classical discrete symplectic ensembles on the linear and exponential lattice: skew orthogonal

polynomials and correlation functions, Trans. Amer. Math. Soc. 373 (2020), 665-698.

m Asymptotic Behaviour of g-Hermite Polynomial and Local Statistics

Thank you!

Yeong-Gwang Jung (Seoul National University) 32
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