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Selberg integral

1
Beta function B(a, B) = / x*7H1=x)""ldx (Rea >0, ReS > 0)
0

Gamma function MNa) = /Oo x*'e¥dx (Rea>0) = |B(a,f)= %E?Hg;
0

This relation is extended to the following cases of multiple integrals.

Dixon—Anderson integral (Type I) [Dixon 1905, Anderson 1991]

2.z 5i— r(SO)r(Sl) e r(sn) si+sj—1
| | | | st | | _ R = | | Ly \SitS
~/z,1—><n 1 /zz—x1 /21 |Z, XJ| (Zl Zk) 0z102 den r(SO S1 T S,,) (XJ X,)

=X0 j=1 j=0 1<k<I<n 0<i<j<n

Selberg integral (Type Il) [Selberg, 1942]

a-1 p-1 _ 11 Ha+ G -1)DN(B+ (- D)rir +1)
//Hz (1=2) 1<E<n|z—zl‘ derd dz"—g Mo+ B+ (n+]—2)n) (7 +1)

Each integral can be written as a product of gamma functions. When n = 1, both integrals coincide with the
ordinary Beta function. Chapter 4 of Peter's book [Log-Gases and Random Matrices] is devoted to how to
prove the above relation of Selberg integral.
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In Chapter 4 of Peter's book,

various derivations of Selberg's formula are presented

Set Sn(a, B,7) : / / Hza 1-2z)"! H |zi — z|*" dz1 - - - dz,
1<i<j<n
Then the following two are typical methods:

Anderson’s derivation

A method for calculating a multiple integral of 2n + 1 dimension in two ways [Fubini’s theorem] to obtain a
relation of S,(, 8, 7) with respect to n (two-term relation between S, and Sp41). The Dixon—Anderson integral
(Type |) is used in the process.

Aomoto’s derivation (< this talk)

1. Difference equation Derive the difference equations for the parameters that S,(a, 8, 7) satisfies (In this
case two-term relation is obtained).

2. Asymptotic behavior As a boundary condition, determine the asymptotic behavior as parameters go to
infinity. (The steepest descent method (saddle point method), etc, of integration is used.)

Please imagine n = 1 case. During a calculus class we learned about two derivations of the relation between
Beta function and Gamma function. One is to use a method for calculating a double integral in two ways. This
is similar to Anderson’s derivation. The other is to derive the difference equation using Integration by Parts. This
is corresponding to Aomoto'’s derivation. 3/16



g-Analog of Selberg integral

The g-analog (g-deformation) of Dixon—Anderson integral and Selberg integral are given by

g-Dixon—Anderson integral (Type I) [Evans 1992] (See [l.—Forrester, J. Math. Anal. Appl, 2015])

X (
9zi/%;; q
/ ‘ / / (sj / || (zi — zi) dgz1dq2> - - - dgzy
Zn=Xp—1 zn=x1 J21=x0 j=1 j—0 9721/ 4)o 1<i<j<n

n

q(SO) q(sl)" Sn) H ()(j (qX//vaqXJ/X/' )

= Taloot 51 ok s0) S (9%i/%5, 4% /%i: @)oo

g-Selberg integral (Type ) [Askey, etal, 1980-90's, Aomoto 1998] (See [l.—Forrester, Trans. AMS, 2017])
1 q" zp_1 1—7 .
qZ:. q)oo 27—1 (q Zk/ZJ q) % .. @
[ Mo T2 e e

Zpn=

1<j<k<n

= (B2 H Moo+ (G —1)7)e(B+ (j — 1)7)M4(j7)

L Tla+ B+ (n+7 = 2)7)(7)

v

When g — 1, the above g-integrals degenerate to the ordinary integrals, respectively. | will explain how to prove
the g-Selberg integral formula using g-version of Aomoto's derivation when n = 1. Even in this simplest case, if
you settled this, you can easily analogize the situation to general n case.

On the next slide | will explain the case of g-beta function. 4/16



Notation

Set C* = C — {0}.

Definition (g-shifted factorials)

Fix g € C* as |g| < 1. We use the symbols (x; q)so, (X; g)n as
o0

(i) = [[(1-d%) =1 -1 -a)(1-¢>x)--.

(L—x)(L =) (1—q"x) (n=1,2,--)
. _ (x: q)oo _J) 1 n=20
(xi0)n = T 1 (n=0)

(1-qx)(1—g ("Dx)--- (1 - g 'x)
We also use the symbol
(1, %2, -+, Xm;i @)oo = (X1; @)oo (X2; G)oo * +* (Xm; @)oo

for abbriviation,

o]

R (@ @)v v _ (4°% 9o (@) v 1
g-binomial theorem E x" = — E x'=—— |x|<1
—~ (q:9)v (@)oo g i V! (1—x)e

where (), = a(a+1)--- (a+v—1)
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g-Beta function and g-gamma function

Jackson integral

/ f(z)dqz :== (1 — q) Z q"z f(q”z), which is equivalent to / f(z)% =(1-gq) Z f(q"2).
0 v=0 0 v=0

(9°z:9)cx — (1 —2)""*| by g-binomial theorem.
(0°2;q)oc a1

Andrews’ g-Beta function

1 ) 1
By(a, B) := / za(‘qjiq)()og — za71(1 — z)ﬁfldz
o @zaw z . Jo
. ; _ (@9) 1-a —]
Askey’s g-Gamma function [¢(a) = ~———(1—q) — ()
. (9% @)oo g1
satisfies ol o ox  ax ¥
Fa+1) = 2291 (a) (In particular, if n € N, then [y(n+1) = L")"n — n!)
1-g (1 - q) q—1
Fg(e)l4(B) L G (CR)
Theorem By(a,B) = L0 LHS = (1 - verl U RHS = (1 - q) 7 —
o) Fo(+ ) ( q);q (@77 q)oo (1=a) (9%, 9% q)

Let us prove this formula using Aomoto's derivation. y
6/16



Mellin's method (1907) for hypergeometric function 2F;

The idea behind the g-version of Aomoto’s derivation is based on Mellin's derivation, which is a method for
deriving the differential equation that the hypergeometric series »F; sarisfies.

Gauss's hypergeometric series | 2Fi(a, 3;7; x) = Z E:;”(fl)”x” x| <1
v=0 v
If we set y = 2F1(a, B; i x), then y satisfies
Gauss’s hypergeometric d?y dy
differential equation x(1— X)@ +(y—(a+8+ 1)X)$ —afy =0.

Let us confirm this fact following Mellin's derivation.

M(a+2)F(B+ 2)

If we set ®(z) := x My +2)M(1+2z)

,then ®(1) =0 if v = —1,-2 -3, --.

Moreover I'(a + 1) = al («) implies (o), = %. Then | 2Fi(a, B; ;%) = % Z d(v)

VvV = —00

This series can be formally regarded as a bilateral series (i.e. a sum over Z).
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For any point £ € C and any meromorphic function ¢(z) on C, we set

(0.6 = 3 ple+ )0+ 1) |ef FlaBiri = =010,

= M) (B)
If we set (Vo) (2) = o(2) — % (z+1) = (z) - x%w(z 1),
then ‘ Key Lemma (Vp, &) = 0‘ holds.
(Key Lemma is equivalent to i P&+ v)P(E+v)= i eE+rv+1)o(E+v+ 1))

In particular, if we take p(z) = (7 — 1 + z)z, then Vy(z ) =(y—-14+2)z—x(a+2)(B + 2).
Taking account of xdid)(z) = z®(z), we see the fact X (f &) = (zf,&). Therefore

(’y— 1+x%)x%<l,§) (a+x—) (/3+ )(1,5) -0

This equation coincides with Gauss's hypergeometric differential equation. 8 /16



Extended Jackson integral (g-version of Aomoto's derivation)

§oo d > €oo dgz

/ f(z)%z =(1-q) Z f(g”€) | If the right-hand side converges, we Bq(a, 8;€) == / ¢(z)%,
0
0 v=—oc0 call it the extended Jackson integral. (9z: q)
1 d where ¢(Z) = aﬁ
In particular, if £ = 1, then By(a, 8; 1) ::/ <1>(Z)LZ = By(av, B). T Qoo
0 z
¢(q ) wl—q¢°z

W = _

e set Vo(2) i= o(2) — 7l elaz) = olz) — 0" T ela2)

oo
and (p, &) ::/0 (z)¢(z) . In particular, if p(z) =1, then (1,&) = Bq(, 3;§).

§oo oo
‘ Key Lemma (Vy, &) =0 ‘ holds. (Key Lemma is equivalent to / <p(z)¢(z)% = / go(qz)cb(qz)%.)
0 0

a]-_
1—

From Key Lemma, we have (1 — ¢®)(1,¢) — (1 — ¢®™)(z,£) = 0.

QO(Z) =l-z = VQO(Z) = (1 _Z) —-q qﬂzz(l —qz) = (1 —z) —qo‘(]__ qﬂz) — (1 _qa)_ (1_qa+l3)z'

£oo _ qatB
Since By(a +1,5;¢) = / zd)(z)% = (z,&), we obtain | By(a, 8;§) = %Bq(a +1,8;6) |
o _

g-difference equation
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Boundary condition (Asymptotic behavior)

_ qatB
Bi(a, B;€) = %Bq(a + 1, 8;€) | This relation is independent of the choice of £. In particular, if we put

& =1, then we have atp

By(a ) = 10 Byfa +1.)

Repeated use of this g-difference equation
1-q*"" (1-g*"") (1~ g™
By(a, B) = 78 a+1,8)=
Q( ) _ qa Q( ) (1 _ qo‘)(l _ qa+1)

7@ )°° im «
(q q)oo Nlaoqu( +N75)

On the other hand, by definition,

Bile8) = [ 0% = 1- )3 0(a) = - o) (B 4 g D5 e (DD ),

BAa—&-Z,ﬁ):---:%B (a+ N, pB)

a+5

(9%; q)oo (a%*1; @)oo (a°%2; @)oo

. (9: 9)
lim Bg(a+ N, 1—q)——-F—
N 0o CI( ﬂ) ( q) (qB q)oo
Therefore

(CARET:) E N _ (@) A (@9 _ Ta(a)Ta(B)
Bolev. ) = (9% 9)oo N|~>oqu( +N,B) = (9% q)oe x (1 CI)( D~ Tolat ) Q.E.D.
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g-Integrals associated with root systems

g-Dixon—Anderson integral and g-Selberg integral can be extended to the following two contour integrals.

BC, Type | integral (2n+2 parameters) [Gustafson,1994]

/ / H Z; 'q) H (ziz i P8 z,—lz._l-q) E&
(27_‘_\/7)" ™ 2"+2(akz,,akz ,q)oo o 1€)) €14 H < Jy “i j o oo z Zn

i<j<n

_ 2"n! (‘3132 a2n+2 q)oo
(q q) H1</<J<2n+2(alajv q)

where T" is the n-fold direct product of the unit circle

)

BC, Type Il integral (4 + 1 parameters) [Gustafson,1994]
1 // . (22,272 q)o0 (z;zj-,z;zj 'z lzj,z 7 1@ dz  dz,
2nv/—1)" ey szl(akz,, akzi_l; q)oo 1<i<j<n (t zizj, tziz; ,tz; tz, tz; z ,q)oO Zn

2"n! ﬁ (t; q)oo (313233341‘ ;q)oo
(q 9)% k=1 (% @)oo [T1<icj<alaiat = q)eo

2n—k—1

Using residue calculation the above contour integrals can be convert to Jackson integral representations. The
integrand of type Il defines the orthogonal inner product of the Macdonald—Koornwinder polynomials.

(2 )29 dz 2 (a1223324; ) o
2my/ =1 Jr thl(akz; @)oo(akz71q)so 2 (¢ @) H1§i<jg4(aiaj; q)ﬁ /16

n =1 = Askey—Wilson integral



Examples (other root systems)

Gy Type | integral (4 parameters) [Gustafson,1994]

Suppose that ax, € C* (1 < k < 4) satisfy |ax| < 1. Then we have

ECHI 9)% // (T ) B =il —1 dxi dx =il =il
f XjXy , XkX; 1Q)ec— — (where x3 = x; “x
12 (2WF L Hk 1. H ( YAk kX q) o ( 3 1 29 )

1(3Xi, X @)oo 1 i ies X1

_ (aiasa3as; q)oo H (ai; 9) oo H 1 1

(81823334 q (a' ! q)°° 1<i<j<a (a'aJ q)°° 1<i<j<k<4 (a’aJak q)°°

Gy Type Il integral (1 + 1 parameters) [Habsieger,1986]
Suppose that a, t € C* satisfy |a| < 1 and |t| < 1. Then we have
-1 1
(CI; q)io // (xi, x;~ ,q (xix, y Xk X; 19 dxg dxo 1 -1
X —— here =
12(2m/ 1) JJz2 H T (axi %7 q)oo 1<E<3 (£, £X0G 1 @)oo X1 X2 (where 3 = ")
(3 @) (at;q)so  (t,qt; @)oo

2 2.3
=(qat™,ga"t”; )=
(92, q"'; ) (8% 9) oo (3°t3; @)oo (22, qt%; q)oo

v

Regarding F4, there also exist Type | and Type Il integrals, and the results are similar to those for G; case,, /16



Ruijsenaars elliptic gamma function

We fix p,q € C* as |p| <1 and |g] < 1. The Ruijsenaars elliptic gamma function is defined as

71_ oo
hxp.) = PP B9 here (xp. ) = TLa-ra

We also use the notation I'(xi,...,xm; p,q) = [(x1; P, q) - - [ (xm; p, q). Note that '(x; p, q) satisfies

\ M(gxip,q) = 0(x; )T (x;p,q) and T(px;p,q) = 0(x; q)l (x; p; q), \
where 0(x; p) = (x, p/x; p)so is a theta function satisfying 6(px; p) = —6(x; p)/u, and also satisfies

1 1
, = —x 0(x;p)o(x;q).
Fxpq)” Tlx,x"tp,q) (i Pl a)

M(pax~ i p,q) =

Remark. Elliptic —  Trigonometric (g-analog) —  Rational (Classical)
p—0 q—1

(Pax~'; P, @)oo . 1
(xi P, @)oo po (X @)oo

Mx;p,q) =

(9x~ 1P, @)

F(px;p,q) = :
(vap7 q)oo p—0 13/16



Elliptic analog of BC, Type | and Type Il integrals

Under the balancing condition a; - - - a2p44 = pgq,

//HHZ"HI' amzi,amz ' p, q) I 1 dz: - - dz,
(27T\/ 1) ™ .z p,q) o T(zize, 2z 27 2k, 2 2 N ) 2z

Zis 2 1<j<k<n
2 [I raeaq)
= TN (o jak; P, q),
(P P)3(4: @)% | i 2onia
where ay, ..., a4 are complex parameters with |am| <1 (m=1,...,2n+ 4). [Rains 2010]
v
Under the balancing condition a; - - - agt>"~2 = pg,
/ / r(amzl,amz P, q) I F(tzizk, tzjz, 'tz 2, t2 2, 5 P, q) dzy - - - dizy
27r\/ (2nv/=1)" " M(z2,2 % p,q) isien T@20220 27 2027 7 p,q) 2 2
2"n! (r(ti;p q) i1
= : r(t' " aja; p,q) ),
(i P)%(a; @)% 11 r(t:p,q) 1§j<Hk§6 '
where ay, ..., as, t are complex parameters with |an| <1 (m=1,...,6), |t| < 1.

[van Diejen—Spiridonov 2001, Rains 2010 (Anderson method) |.-Noumi 2017 (Aomoto method)] 14/16




Elliptic BCy integral, and its degeneration

Askey—Wilson integral (9: 9)oc (2% 9)oo(z % @) dz _ (2123334 9)oo
2(2nv=1) Jr ITi_1(akzi @)so(@kz 1 @)oo 2 Tlicicj<a(@iaii @)oo

T (as —0)
. —1 —-1_-1 _2 _-2, 5 —-1_-1.
Nassrallah—Rahman integral G /(qaﬁs D% 2 2.7 'q)oog = U925 _am 'q)oo.
2027v=1) Jr [li(akzi @)oc(az @) 2 Tlicicjes(@iai @)oo

where |ax| <1 (k=1,...,6), under the balancing condition aia;---as = g.

1 (a6 — pas, then p—0)

6

: : _ T(akx, akx™ Lp.g
Spiridonov BG, integral (PiP)=(9 D [ Ilicy ’ ) Maiaj; p,
p 1 g 2(2n /7—1) . F(x%,x2p,q) x 1<,13<5 ( iy P> q

where |ax| <1 (k=1,...,6), under the balancing condition a1a; - - as = pq.
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Elliptic analog of G, Type | integrals

Elliptic G, type | integral (5 parameters+Balancing condition) [l.—Noumi 2020]

Suppose that x1xx3 = 1 and ax € C* (1 < k < 5) satisfy |ax| < 1. Under the balancing condition
(a1a2a33435)> = pq, we have

(P: P)2e(: 9)% / [T, T, M(akxi, ax i p, q) dxi dx

12 (27y/—1)? T2 H1<,<J<3 r(x,-xj,xi_l)g,x,-x._l,xi_lx._l;p, q) 1 x
I(a7; p,
H r(a P9 ) H r(alal P, q) H r(a/alak p, q) H r alajaka/ P, q)
inh,q 1<i<j<5 1<i<y 1<i<y
<k<5 <k<I<5

This includes Gustafson's G, g-integral (type I) as a limiting case;
first replace as with \/pas, and then take the limit p — 0.
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