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Entanglement Estimation

» Entanglement is the physical phenomenon, the medium, and
the resource that enables quantum technologies
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Entanglement Estimation

» Entanglement is the physical phenomenon, the medium, and
the resource that enables quantum technologies

» Task: estimate the degree of entanglement of quantum
bipartite model* measured by von Neumann entropy over
Hilbert-Schmidt ensemble

*Page [1993] Average entropy of a subsystem, Phys. Rev. Lett. 2/18
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Bipartite Model

» Generic state of two subsystems A and B of Hilbert space
dimensions m and n
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Bipartite Model

» Generic state of two subsystems A and B of Hilbert space
dimensions m and n

) = cijlia) ® lig)

i=1 j=1

» Density matrix

p=1)Wl,  tr(p) =1

» Bipartite model is obtained by partial trace (purification) of p
leading to a reduced density matrix

pa =trg(p)
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Ensemble and Entropy

» Hilbert-Schmidt ensemble:
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Ensemble and Entropy

» Hilbert-Schmidt ensemble:

(-£) Lo
i=1

1<i<j<m i=1

> Entanglement entropy

S=—tr(palnpa) = Z)\In)\

» Degree of entanglement is encoded in the cumulants of
entropy x(S)
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Ensemble and Entropy

Computing the first / cumulants of S can be converted to the first
| cumulants of induced entropy

m
T = Zx,-lnx,-
i=1

over the Laguerre unitary ensemble

m
II Gi—x)*[Iwx)
1<i<j<m i=1
where
w(x) =x% "%, a=n—m
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Preliminary

The /-th cumulant x;(X) of a linear statistics

—1)i-t T
-y G ,1!”.,,_!/111f0(4>K(xj7xj+l)d>g
J:

htotl=l

and K(xj, xj+1) is the correlation kernel with xj11 = x1

*Soshnikov [2002] Gaussian limit for determinantal random point fields, Ann.
Probab.
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Preliminary

For example, the first three cumulants of induced entropy T over
the Laguerre ensemble are expressed as
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Preliminary

For example, the first three cumulants of induced entropy T over
the Laguerre ensemble are expressed as

I :/ xInx K(x,x)dx
0

> /12(7_) = Il —12
I, = / x%1In% x K(x, x)dx
0

L = // xyInxiny K(x,y)K(y,x)dxdy
0 JO
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Preliminary

> 13(T) =11 — 3 + 23
L = / x> In® x K(x,x) dx
0
S AT
0 Jo

I; = ///xyzlnxlnylnzK(X,y)K(y,z)K(z,x)dxdydz
o Jo Jo
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Existing Methods and Results
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Existing Methods

To obtain the /-th cumulant x,(T), each integral I;, i=1,...,/,
is explicitly computed using the following three steps
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Existing Methods

To obtain the /-th cumulant x,(T), each integral I;, i=1,...,/,
is explicitly computed using the following three steps
» 1. Decouple. Replacing every K(x,y) in the integrals I; with
the summation form of Laguerre kernel
m—1 k!

Kix,y) = \Jw(x)w(y) 3 (k+a)!

k=0

L)L (y)
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Existing Methods

To obtain the /-th cumulant x,(T), each integral I;, i=1,...,/,
is explicitly computed using the following three steps
» 1. Decouple. Replacing every K(x,y) in the integrals I; with
the summation form of Laguerre kernel

m—1 k! N N
Key) = wowly) X L)

» 2. Compute. Using up to / derivatives (w.r.t. q) of

/Ooxqe_x Lga)(x)Lgﬁ)(x) dx
0
min(s, ¢
)t g—B\T(g+1+k)
: Z < k) <t — k) k!
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Existing Methods

To obtain the /-th cumulant x,(T), each integral I;, i=1,...,/,
is explicitly computed using the following three steps
» 1. Decouple. Replacing every K(x,y) in the integrals I; with
the summation form of Laguerre kernel

m—1 k! N N
Key) = wowly) X L)

» 2. Compute. Using up to / derivatives (w.r.t. q) of
/ x9e™ Lga)(x)Lgﬁ)(x) dx
0

min(s,t) — _
- oy () ()

k=0
» 3. Simplify. The bulk of calculation lies in the simplification
of resulting i-nested sums in each I;, which is an increasingly
tedious and case-by-case task for higher-order cumulants
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Results by Existing Methods

» Mean: conjectured by Page'93*, proved in Foong-Kanno'94f,
Sanchez-Ruiz'95* (among other proofs)

m+1
2n

K(S) = Yo(mn +1) — ¢o(n) —

*Page [1993] Average entropy of a subsystem, Phys. Rev. Lett.
fFoong-Kanno [1994] Proof of Page's conjecture on the average entropy of a
subsystem, Phys. Rev. Lett
tSanchez-Ruiz [1995] Simple proof of Page's conjecture on the average entropy of
a subsystem, Phys. Rev. E 11/18



Results by Existing Methods

» Mean: conjectured by Page'93*, proved in Foong-Kanno'94',
Sanchez-Ruiz'95* (among other proofs)

m+1
2n

k(S) = Yo(mn + 1) — ¢o(n) —

> Variance: conjectured by Vivo-Pato-Oshanin’16S, proved in
Wei'179

k2(S) = *¢1(mn+1)+m7+n (m+1)(m+2n+41)

mn + 1¢1 () 4n2(mn+ 1)

*Page [1993] Average entropy of a subsystem, Phys. Rev. Lett.

TFoong-Kanno [1994] Proof of Page's conjecture on the average entropy of a
subsystem, Phys. Rev. Lett

$Sanchez-Ruiz [1995] Simple proof of Page’s conjecture on the average entropy of
a subsystem, Phys. Rev. E

$Vivo-Pato-Oshanin [2016] Random pure states: Quantifying bipartite
entanglement beyond the linear statistics, Phys. Rev. E

TWei [2017] Proof of Vivo-Pato-Oshanin’s conjecture on the fluctuation of von
Neumann entropy, Phys. Rev. E
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Results by Existing Methods

» Skewness* and kurtosis’ are also available

*Wei [2020] Skewness of von Neumann entanglement entropy, J. Phys. A
THuang-Wei-Collaku [2021] Kurtosis of von Neumann entanglement entropy, J.
Phys. A 12/18



Results by Existing Methods

» Skewness* and kurtosis’ are also available

Summary of the first four cumulants over HS ensemble:

R1 = allbo(mn + 1) + 2277[)0(”) + a3

Ko = blwl(mn + 1) + b2w1(n) + b3

k3 = cpo(mn+ 1) 4+ ca(n) + 3v1(n) + 4

ka = ditpz(mn + 1) + datp3(n) + d3ipa(n) + dayp3(n) + dsyr(n) + de

*Wei [2020] Skewness of von Neumann entanglement entropy, J. Phys. A
THuang-Wei-Collaku [2021] Kurtosis of von Neumann entanglement entropy, J.
Phys. A 12/18
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Example: cancellations in k2(T) calculation over HS ensemble

Iiz(T) = Il — 12
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A Common Phenomenon: “Anomaly Cancellations”

Example: cancellations in k2(T) calculation over HS ensemble

Iiz(T) = Il — 12

Ii = a1+ ao(n) + astho(n — m) + ag (Yo(n) — to(m) + (1)) x
vo(n — m) + a5 (V3(n = m) —va(n—m)) +

M bolk +n—m
362 O( p )
k=1

lo = by + bytbo(n) + bstho(n — m) + by (n) + bs(tio(n) — o(m) +
vo(1))o(n — m) + bs (¥3(n — m) +1(n) — a(n— m)) +

m

vo(k +n—m)
by JoNR A A
; k
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Anomalies in x4 Calculation over HS Ensemble

k=1 k
T~ Yok + )
D=3 K2
k=l .
Q; = ¥ ( k+ @)
k=1
3k + )
2 = ;::1 k+ a

Qs = Z Y3k +a)

Q6 = Z o(k) ul)((k + )

Q, — Zwo(kk+a)
k=1

Qs 227/)0(k+0¢)

pat k+a

Z o(k) (po(k +a)

k= 1

_ Z wl(kk+ 04)

1(k + @)
Z k+«

Z 1/)0(1( '1/11(/( + Oz)

Z 1/)0(k + a)wl(k +a)

k 1

Z l/)z(k + u)

Z wz(k + Dz)

= k+a
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New Methods*

*Huang-Wei [2025] Cumulant structures of entanglement entropy, available at
arXiv:2502.05371 15/18



Cumulant Structures: The Example of ky(T)
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Cumulant Structures: The Example of ky(T)

Define .
Rk = ZX,-k, Tk = ZX,k Inx,-
i i=1
To find the cumulant

’{'(Tka T) :Il _I2a
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K (Ths1, To) =11 — o
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Cumulant Structures: The Example of ky(T)

Define .
Rk:ZXika Tk:ZX,-ka;
i i=1
To find the cumulant
/{(Tk, T) = 11 — 12,
we construct a related cumulant

K (Ths1, To) =11 — o

where
I = /oo K102 x K(x, x)dx
I, / / xKyInxiny K(x,y)K(y, x)dxdy
I, = / / xinxIny K(x,y)K(y,x)dxdy
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Cumulant Structures: The Example of ky(T)

To find the cumulant
K(Tk, T) = Il —12

we construct a related cumulant

d

@H(Tk+1) = k(The1, To) =0 — I,

where
/ x*1n2 x K(x, x)dx
L, = // xKyInxIny K(x,y)K(y,x)dxdy

/ xinxiny K(x,y)K(y,x)dxdy
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Cumulant Structures: The Example of ky(T)
Now the task is to compute the difference d2(k)

K (Ti, T) = £ (Ths15 To)
— ;/0 /0 (Xk_yk)(x—y)IannyK(x,y)K(y,x)dXdy
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Cumulant Structures: The Example of xy(T)
Now the task is to compute the difference d(k)

K (Ti, T) = £ (Ths15 To)
— ;/0 /0 (Xk_yk)(x—y)InxlnyK(x,y)K(y,x)dXdy

that decouples in a summation-free manner through the
Christoffel-Darboux form

(a) x (a) _ (a)x (a)
K(x,y) o \/wixpwly) comtCEm 0) = En ()L 1 (y)

xX—Yy
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Cumulant Structures: The Example of xy(T)
Now the task is to compute the difference d(k)
K (Ti, T) = £ (Ths15 To)
1 o o0
— o L[ =) = v inxiny Kx ) K (v x)xdy
2Jo Jo
that decouples in a summation-free manner through the
Christoffel-Darboux form
Lo, )L () = LR GILE, ()
K(x,y) ocyfw(x)w(y)

X—y

The decoupled terms are then rewritten into lower-order
cumulants, which leads to the cumulant structure of k(T) as

R(T,T) = &(R) (k" (To) = #(To)) (+(To) — £~ (To)) — w*(Ro)
d
+£KI(T2)
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