Third order cumulants of Products

Daniel Munoz

Log-gases in Caeli Australi
The University of Hong Kong

Joint work with Arizmendi O. and Sigarreta S.
arXiv:2504.01107

dmunozgeorge@gmail.com

August 13, 2025

Daniel Munoz (The University of Hong Kong Third order cumulants of Products August 13, 2025



Cumulants

Given a non-commutative probability space (ncps) (A, ¢) where A is an
algebra and ¢ is a linear functional s.t. ¢(1) =1, we define the free
cumulants k, : A" — C by the recursive equation

p(ay---ap) = Z H wivi(ai, - - -5 ai)- (1)

weNC(n) Ver
V:{Il7"'7lj}
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First few cumulants

E(a)
E(ab)

c(a, b)
E(abc)

C3(3, bv C)

r1(a) = a(a)
k2(a, b) + k1(a)k1(b) = c2(a, b) + c1(a)cr(b)

r2(a, b) = E(ab) — E(a)E(b)
r3(a, b, ¢) + ka(a, b)r1(c) + K2(a, c)k1(b)
(b, c)r1(a) + k1(a)k1(b)r1(c)
(a, b, c) = E(abc) — E(c)E(ab) — E(b)E(ac)
E(a)E(be) + 2E(a)E(b)E(c)
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Fourth free and classical cumulant

E(abcd) = kq(a, b, c,d)+ A(a, b, c,d)
= al(a,b,c,d)+ A(a, b, c,d) + c(a, c)ca(b, d).

Here,
A(a,b,c,d) = Z kx(a,b,c,d) = Z c-(a, b, c,d)
TEP(4) TEP(4)
T#ly T#£ly
m#{1,31{2,4} n#{1,3}{2,4}
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Free cumulants and moments

Cumulants determine the distribution as they determine the moments (and
viceversa).

If kn(a) =0 for any n # 2 and k2(a) = 1 then

p(a") = [NC(n)],

which determines the semicircle distribution.
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Free cumulants with product as entries

Naturally, it is interesting to compute the cumulants whose entries are
products; for ny, ..., n, integers we let

n;
N,': E nj.
Jj=1

N;
A= ] a=an_r1an 42 an;
Jj=Nj—1+1
for 1 <i<pand ng,...,n, integers.

Question: What are the free cumulants of
kp(At,...,Ap)

equal to in term of the cumulants of a’s.
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Cumulants with product as entries formula

Theorem (Krawczyk, Speicher, 2000)
Forn= 3" n;
k(AL Ap) = Y k(a1 an), (2)

weNC(n)
TVy=1,

Where*y:(17...,N1)(N1+1,...,N2)-~(Np_1+1,...,n).
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ka(ab,cd) = ki(a)krs(b, c,d) + ki(b)rs(a, c,d) + ki(c)krs3(a, b, d)
+ rki(d)ks(a, b, c) + ka(a, d)ka(b, ¢) + ka(a, b, c,d)
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Second order free cumulants

Definition (Second order free cumulants)

Let (A, ¢, ¢?) be a second order non-commutatve probability space. The
second order free cumulants are the family of multilinear functionals
{knm: A" x A™ — C}p m>1 recursively defined by the following formula:

‘Pn,m(ala ey dntm) = 902(31 “*+ap,ant1° " Antm)
= Z K (a1, -, antm)

(Z/{,TI')G'PSNc(n,m)

= Z /@(uﬂr)(al, ceey a,,+m)

(U,m)eSNnc(n,m)

+ Z K’(lx{,ﬂ‘)(al) °o0y an+m)'
(L{,Tr)GS,’VC(n,m)
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Second order cumulants of products

Mingo, Speicher and Tan, [2], showed that
TV, =1,& 77_17,,

has no cycle with two elements of N =: {Ny,..., N,}. Here
o= (1,...,n).

Theorem (Mingo, Speicher and Tan, '09)

Iir’s(Al,...,Ar,AH_l,.. 5 7Ar+s) = Z fwm(al,...,apﬂ), (3)
(V,m)ePSnc(p,q)

where the summation is over (V, ) such that no cycle of 71, , has two
elements of N. Here the permutation

Yo.g=1,...,p)(p+1,...,p+q) € Sptq withp=n1+---+ n, and
q="nNr41+ -+ Nrys.
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Third order cumulants with products as entries

Theorem (Arizmendi, Sigarreta and M. '25)

Kr,s,t(Ala o 7Ar+5+t) = Z H(Vﬂr)(ala sooy aP+¢7+/) (4)
(V,m)ePSnc(p,g,/)

where the summation is over those (V, ) € PSnc(p, q,!) such that
71y g1 separates the points of N := {n1,n1 + np,...,n1 + -+ Nppsie}
andp=n+---+n, q=np41+- -+ nys and

I=nrysp1+ -+ Nrysyr
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Partitioned permutations on two circles
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PS([\%CLI)(mla my, m3) 735(/\}’51)("717 my, m3)
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Partitioned permutations

A partitioned permutation is a pair (V, ) consisting of m € S, and
V € P(n) with m1 < V. The set of partitioned permutations is denoted by
PS,. We let,

|(V77T)| = 2|V| - |7T’,

with |V| = n— #(V) and |7| = n — #(). It is satisfied,
(VY VU, mo)| < [(V,m)|+ U, o).

For (V,m), (W, o) € PS, we define their product as,

(V,7)-(W, o) = { (()V VW, mo) if [(VVIW, ﬂd?)L;J\SQ:N + (W, o),
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Partitioned permutations

Definition
For (U,~) € PS, fixed we say that (V, ) € PS, is (U,~)-non crossing if,

(Vv 7T) : (07r*1'ya 77-_1'7) = (ua ’Y)'

The set of (U, y)-non crossing partitioned permutations will be denote by
PSNC(Z/{?’Y)'

Let my,...,m, € N and
Ymppoom, = (1,...,my) - (m+---+me_1+1,...,m),
with m = >"7_; m;. We use the notation,

PSnc(mi,...,my) :=PSnc(lm, Ymy,...m,)-
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PSnc(m) = {(0z,7) : m € NC(m)} = NC(m).
PSNC(1m1+m277m17m2) = {(Oﬂvﬂ-) ‘ m™e SNC(m17 m2)}
U{(WV,n) | me NC(m) x NC(mp),VV~=1,and |V|=|r| + 1}

In the first part we have Syc(mi, mp) and in the second part
Syc(mi, mo). We shall write

PSnc(m1, m2) = Snc(my, mp) U Syc(my, my).
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Higher order free cumulants

Given a higher order probability space (A, (¢())I_;) we let the free
cumulants of order at most r be given by the recursive equation

@(uﬁ)(al, ey a,,) = Z n(v’,r)(al, ceey a,,).
(V,m)EPSnc(U,y)
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higher order free cumulants for small values

v1.1(a, b) = k2(a, b) + k1,1(a, b),

901,2(37 b, C) = /{'3(37 b, C) + K3(a7 o b) + 52(37 b)ﬁl(C) + 52(37 C)K’l(b)
+ k11(a, b)ri(c) + k1,1(a, c)k1(b) + K12(a, b, C).

(pl,l,l(aa ba C) = 53(37 b7 C) + /13(37 C, b) + 1"%172(37 b’ C) —+ ’%1,2(b7 a, C)
+ k12(c,ab) +k111(a, by €).
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Sketch of the proof

The main idea on the proof is that from the moment-cumulant formula,

902(A1"'AraAr+1"‘Ar+s) = Z Kvw(Ala--'?Ar—i-s)
ﬂESNc(r,s)
+ > E@m (AL, Args)
(V,T()E'PSNC(I‘,S)/
and,
902(A1"'AI”AI’+1"'AY+S) = Z "‘Qw(alw'-»ap—kq)
w€Snc(p,q)
+ Z H(V’ﬂ.)(al, ceey ap+q)

(V,m)ePSnc(p,q)
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Sketch of the proof

Thus

/ir,s(Al, e

7Ar+5) =

Z /@W(al,..

T€Snc(p,q)

Z n(yﬂr)(al, ey ap+q)

(V,m)ePSnc(p,q)

Z KZTF(A;[,...

mESnc(r,s)

Z K(Vﬂr)(Ala e

V,m)ePSnc(r,s)\(Lr+s,vr,s)

i) aPJrq)

) Ar+s)

7Ar+5)
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Possible directions

© Higher order cases?

@ Is it possible to extend the idea of the proof on the first order case to
higher orders?
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THANKS
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