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A two-component log-gas ('82, '83)

Boltzmann factor
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Use was made of a local CLT

P(x)=x"4+a,_ 1(n)x”_1 -+ a(n)x + ay(n) = H (x + r; (n))

For {r(n)} positive, normalised coefficients ak(n)/P (1) limit to Gaussians about
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Related studies:
Generalised plasma (’84 with B. Jancovici, '11 with C. Sinclair)
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Partitian function can be evaluated as a product of gamma functions for
general exponents (g,8.¢+2). Follows from the theory of Jack polynomials

with prescribed symmetry ('96 with T. Baker)
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GinOE (real Ginibre ensemble) PDF for sector with k real eigenvalues

(Lehmann&Sommers, Edelman)
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Prior knowledge: A two-component Pfaffian point process (Akemann&Kanzieper,
Sinclair)

Skew polynomial formalism introduced in ’07 with Nagao

C ot D . (only require ¢ = 1 for correlations)
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Skew orthogonal polynomials
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Found using computer algebra, then verified. Much better

Akemann, Kieburg and Philips ‘09

p2n(z) — <d€t(Z[|2n _ G))a p2n+1(Z) — szn(Z) + <d€t(Z[|2n — G)TI’ G>
* — Z2n+1 - <TI’ G2>Z2n—l

/{{

Limiting correlation kernel e.g. for real eigenvalues
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Sum rules

eal eigenvalue at the origin
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Gap probability
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Relates to annihilation process A+A — @ andto py, ~__Probability of no real eigenvalues
(Kanzieper et al '16)



Local CLTs (with J. Lebowitz '14)

Consider N(J)
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(i.e. there is a regime where scaled individual E(k; J) are Gaussians).
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Two-component log-gas line version (with S.-H. Li 21 )

Boltzmann factor
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Sy Sy ~
1<j<k<N, 1_J<k_Nz J=1 k= Gaussian case

V(x) = x%/2
Rider et al ‘13

Partition function

For all classical weights Gaussian, Laguerre, Jacobi, Cauchy,

N,/2
Zy,n, & 1677 1Py(C) Iy, Laguerre polynomial (G)
hypergeometric polynomial - ) continuous Hahn polynomial (L)

15, Wilson polynomial (J, C)
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. Classical polynomial



Structure function (spectral form factor)

Defined as the FT of the density-density (or charge-charge) correlation

Consider the particular case of the bulk scaled (p,, = 1) circular / ensemble
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Perfect screening, general f > 0, = S(k;p)|,_, = 0.

Linear response, screening an external charge in long wavelength limit
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At next order, hydrodynamical argument involving the pressure gives
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Aside: An immediate consequence. Start with VarA :ZL[ | a(k) |* S(k; B) dk
TJ_

LA = Z a(xj) Linear statistic

Let a(x) — a(x/L), L large
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Suppose k> 0, 0 < k < min (2x, ﬁ]l') Expansion in 1/L

Degree j poly.

‘Functional equation @S(k; B) = 4—S(k 4/15)
Consistent with 'B_S(k B) =1+ Z P](ﬁ/z)() pi(1/x) = (—x)~ pi(x)
| _
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For the 2d Coulomb gas it was known

Due to Kalinay et al ‘00

S(k; B) ~ ‘2]_;‘; — (1 _§>( ‘zl_i’g >2+ (é _%)(é _%)( ‘27‘;‘ )3 Later Wiegmann et al

However, thought to break down at higher order in \75\2

For the circular / ensemble use a loop equation formalism applied to
(with N. Witte 15, B.-J. Shen 23)
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generating function for
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eigenvalueisatd=0 ___— Folurler coefficients of

Compute <G(x)>, G(x) = Z 1 > 271_:0(2),N( ) = payn-100: p)
-1 X — e’ =(N-=1) + Z Cj(N)eijQ

series in orders of 1/N 20



To compute 1/N expansion of <G(x)> requires 1/N expansion of <G(x1)G(x1)>T,...
(triangular structure) . Also require c¢(N) — (2z/N)cy(N) to account for bulk scaling.

: pr N |
nesull s = 1+ ) ppr2 ki py (00 with B. Jancovic
= and D. McAnally)
W =1-x p@=1-—t22 p)=(-0(1- 2 +2)
pi(x) = X, py(x)= ” Fx“, pa(x) = X i Fx“ ), ..

T Upto px)

(Aside: Each pj(x) has all zeros on the unit circle, which interlace)

Question (with B.-d. Shen 25) . Small | k|, large N expansion of Sy(k; ) ?
2T
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Bulk scaling.
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p="2
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p =14  Exactexpressions in terms of digamma (Haake et al '96)
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Loop equation formalism allows for the computation of series expansmns
of Spo(@:)s S1 (T B), S5 o(m: ) in 7 forall f> 0.

Consistency with the DEs is found.

(albeit to low order)

Recalling >

N
Sk ) = J eMply O: ) dO + —
0 2

what does this say about the large N expansion of (Zn/N)zp(z),N(an/N; p)?.

bulk scaled two-point function.

1/N? expansion

<271'>2 CUE(Z%X 272'Y> i (sin7z(X—Y)>2 | sin? (X — Y)+O( | )
X —-Y) 3N? : N4

meaning of FT?.
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Sugge _ ol
ggests P@1.00(5:0) = 5= S°02).0.00(53 )
bulk scaled limit

1/N? term

Can be verified for alleven fand f = 1.



Breaks down at next order

d* d’ d?
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order 1/N* term bulk scaled limit

Corrections for spacings? ~ _ conditioned gaps
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v
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conditioned spacings



Can establish that

1/N? term

bulk scaled limit

valid for # = 1,2,4, with the asymptotic expansion in powers of 1/N?
(conjectured for all 5 > 0)

Taking ¢ — 0 reclaims the result for the 2-point function.

Setting & = 1 corresponds to the usual gap probability.
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d2 3252
eg. f=2 Pbulkz( §) = det (I] > Ks) S o—4s%m |gsurm|se

integral operator on (0,s) """

with sine kernel




From (’15 with A. Mays, and ’17 with F. Borneman and A. Mays)

bulk _ d2 . 1
PRYE(s) = = = det(l - EK)Tr((1 - €K,)7'eL)
using identity , \\ kernel .
and Wigner L —— _ I d ( s2pW S)) (n(x — y)/6)sin(z(x — y)) .
12 ds2\" "F=

cf. Odlyzko’s Riemann zeros data (10° zeros at ~ height 10%°)

(from '15 with A. Mays, following Keating-Snaith, Bogomolny
et al.)

Graphics from 25 with B-J. Shen
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